SCIENCE AND INNOVATION
INTERNATIONAL SCIENTIFIC JOURNAL VOLUME 2 ISSUE 4 APRIL 2023
UIF-2022: 8.2 | ISSN: 2181-3337 | SCIENTISTS.UZ

ON THE NONSMOOTH OPTIMIZATION PROBLEM FOR
CONTROL SYSTEM UNDER CONDITIONS OF
UNCERTAINTY

!Otakulov Salim, 2Murotboev Mirjalol Baxtiyor ogli
!Doctor of Physical and Mathematical Sciences, Professor, Jizzakh Polytechnic Institute
2Jizzakh Branch of the National University of Uzbekistan, master’s student
https://doi.org/10.5281/zenodo.7855384

Abstract. In the paper we considere a model of linear dynamic control system under
conditions of uncertainty. For this model minimaks optimal control problem of ensemble of
trajectories on terminal funksional is researched. In the problem the necessary and sufficient
conditions of optimality are obtained.
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1. INTRODUCTION

To research mathematical models of management problems, advanced methods of modern
mathematics such as differential equations and mathematical physics, theory of dynamic systems,
functional and convex analysis, non-smooth analysis are widely used. This is the main factor in
the comprehensive development of the mathematical theory of optimal processes [1-8]. The
application of this theory to various practical issues in the management of complex technological
processes, technology, economy, energy and other fields is expanding.

In the field of practice, the importance of finding solutions suitable for the real situation in
solving existing management issues is increasing. Therefore, it is important to build mathematical
models and research them, taking into account the uncertainty of information about various
parameters affecting the management process [7-10]. Such models have a wide field of application
in a number of actual practical issues, especially in long-term forecasting problems in the
economy, seismic strength of engineering and construction facilities, dynamics of infectious
diseases.

In the study of control issues, models with unique characteristics are formed when
information about the parameters of the control system is incomplete. In conditions of uncertainty,
in contrast to deterministic models of optimal control, it is necessary to look for such control
effects, which are not intended to control individual trajectories, but to control an ensemble of
trajectories. Extensive research is being conducted on models and issues related to trajectory
ensemble management [8-14]. The model considered in this research work and the obtained results
are inextricably linked with the works of [13,15,16].

2. RESEARCH OBJECT AND METHODS

The following

x=A)x + BOu(t) + C(t)v(t) , t €T = [ty t4] 1)
for the linear control system x(t,) = x° € M, is the initial state and v(-) € V(T) under conditions
of uncertainty of external influences x = x(t; x°, u(-), v(-)) are defined on the right edge of the
trajectories

g0t 20, u(),v()) = Ty min(ly x(t; 2%, u(),v()) @)
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we consider the problem of optimal control according to the functional in appearance [16]. This
issue, according to the principle of obtaining a guaranteed result in management,
J®) =, max gt a®u()ee)) @)
consists of the problem of minimizing the terminal functional in the form of
xOEMgg%EV(T)g(X(tl:x°,u(-),v(-))) - min,u(:) € U(T) (4)
given a minimax optimal control problem.

In system (1), matrix elements A(t), B(t) are continuous in the interval T = [t,, t{]
components of vector functions u(t) and v(t) are dimensional and bounded in this interval. The
set of valid controls U(T) consists of dimensional functions U ¢ R™ taking values from the given
convex and compact set u = u(t), t € T = [t,, t;]. The non-local set of the uncertain external
driving force parameter V (T) is a convex and compact all-dimensional V < R* taking values from
thesetv = v(t), t € T = [to, t;] consists of functions.

Determining the necessary and sufficient conditions for optimality is an important step in
solving the problem (4). In the study of these spheres (2) and (3) functionals and (1) system

X(u@®) = U{x@tx%ul), v()x° € My, v() EV(T)},t €T
we use the properties of the ensemble of trajectories. These properties are studied in [ ]. In the
study of optimality conditions, we also use convex and functional analysis methods.
[ 16] according to the results of work (4).

JUE) =minpUE.l) @)

A concave functional can be thought of as a minimization problem over a set of misplaced
controls, where U (T)

Yy

PUELD =max(F (b, DS 1)+ | (F (6, DBOUO -+ max(F (. OCOV. et 9

ty
Lemma 1. The functional defined by equality (6) is convex in u(-) € U(T) with respect to
forl every R™ assigned p(u(),l) Indeed, the concept of the basis function and the properties of
the multivalued reflection integral are functional p(u(:),l).

] 4

o), =a(F(tl,t)Mo,|)+j(F(tl,t)B(t)u(t),l)dtm(jF(tl,t)C(t)vdt,l)

f )

can be written in the form. According to the properties of the basis function, each of the three
components on the right side of this equation consists of convex functions in I in R™. As a result,
their sum functional is also convex in p(u(:),l) with respect to I in R™.

We also consider the following function:

(1) = max(F (t, t)E, ) +jrp€iun(F(t1,t)B(t)u,l)dt+J1.rv%x(F(t1,t)C(t)v,l)dt

Lemma 2. u(l) function continuous at R".
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The correctness of this assertion depends on the uz(t,l):miUn(F(tl,t)B(t)u,I),
M(')=m§VX(F(t11to)§,|) u3(t,|):m%x(F(tl,t)C(t)v,l) continuity of these functions and

t t
| e R", follows from equality. (1) = yl(t)+jy2 (t,I)dt+J.,u3 (t,hHdt
to to

3. RESEARCH RESULTS
In problem solving (4), we study the necessary and sufficient conditions of optimality.
Theorem 1. Let us assume that problem U™ (t),t € T, (4) is a piecewise-continuous optimal
control. Then the function | — p(u”(-),1) is for an arbitrary global minimum point 1" in the set
(F(t, )Btu’(t),1") = rlﬁiun(F(tl,t)B(t)u,l*),Vt eT (7)
relationship is fulfilled.

Proof. If - u™(t),t €T, is an optimal control, that is, if the functional (3) has a minimum
point in the set U(T) , then by definition
JU()) <IUE),Vu() eu(T)

relationship is fulfilled. Considering formulas (5)-(6), we write this last relation as follows:

L 0

min| max(F (t, &) + }(F(tl,t)B(t)u*(t),l)dt +TT%X(F(t1,t)C(t)v, I)dt} <

(8)

t ty
min| max(F (t,, )&, 1) + [ (F (t, BOuU(t). Ddt + mgx(F(tl,t)C(t)v,l)dt}vuo cU(T)
€My % % Ve
According to Lemma 1 | — p(u”(-),1), the function consists of a convex function in R™.
According to the properties of convex functions, it is also a continuous function. So this function
has a global minimum in a convex compact set coL . Let - be an arbitrary global minimum point

of the vector function in the set. taking into account the definition of the vector 1" e coL— vektor
I - p(u”™(),1), we get the following relation from 1" (8):

r;wax(F(tl,t)f, 1) + tj(F(tl,t)B(t)u*(t),|*)o|t+tjlngz%x(F(tl,t)C(t)v, M)dt <

0

sgrrhlﬂax(F(tl,t)g‘, 1) +]1.(F(t1,t)B(t)u(t),I)dt +tjl max (F (t,, t)C(t)v, [")dt.

to

for from here:

vu()eU(T)
tj(F(tl,t)B(t)u*(t), 1")dt < tj(F(tl,t)B(t)u(t),I*)dt 9)

the fulfillment of the inequality follows.

Let us assume that, u”(t),t € T,— the optimal control is piecewise-continuous. For clarity,
u”(t),t €T, we consider the function to be continuous from the left. Now, taking an arbitrarily
small enough number z €[t,,t,), and & >0 number and VueU,
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ut),te(r,r+¢),
u_,te (r,7+¢)

u(t) =u(t,z,&,u) :{

we look at the permissible management in the form. This u(t) =u(t,z,&,u) management (9) we
get the inequality. And that time

T+

ﬂ(F(tl,t)B(t)G,l*) - (F(tl,t)B(t)u*(t),l*)]dt >0

T

we get the relationship. So,
£|(F(t,, ))B(D)U,1") = (F(t,,)B()u (2).1) |+ 0(£) = 0
get the inequality. The last equality & >0 devided and & — 0 go to limit,
(F(t,,7)B(2)u,1") > (F(t,,7)B(c)u"(z)),Vu eU
we get the relationship. So,
(F(t,7)B(r)u’ (2),17) = rpeiun(F(tl,r)B(r)u, 1), (10)

that is, equality (7) 7 €[t,,t;)  holds for arbitrary. (10) using the continuity of the left and right
sides of the relation, taking into account the transition to the limit and
, 7>t gotolimitand F(t,,t,)=E taking into account the transition to the limit and

(B(tl)U*(tl)’I*) = rI]EiUI’I(B(tl)U, I*)

we form the equality, that is, (7) is also fulfilled t =t, for the equality. Thus, it was shown that
relation (7) holds for all t €T e[t,,t,]. The theorem is proved.

Theorem 2. u” =u’(t),t e T, the global minimum point of the function should be found,
and equality (6) should be (1) fulfilled in order for the |” e coL piecewise-continuous admissible
control to be the optimal control in problem (7)

Theorem 3. If u” =u”"(t),t e T sucha | e coL global minimum point of the function for
the piecewise-continuous £(l) local control is found, and equality (7) is satisfied, then such control
will be the optimal control in problem (4).

Proof. Suppose that the vector 1" e coL function (1) is the global minimum pointcoL in the set
and equality (7) is fulfilled. Then we will have the following for optionalu(:) e U (T):

min p(u(),1) = Irng{r;wax(F(tl,to)f, I)dt+T(F(tl,t)B(t)u(t),l)dtJrif max(F (t,, )C(t)v, I)dt} >

> ELT{Q%X(F(H’%)& ) +]1'rJ1EiUn(F(tl,t)B(t)u, I)dt+]1' rpe%x(F(tl,t)C(t)v, I)dt} = mL[l u(l) =
=ull”) = rgyn%x(F(tl,to)f,I*)dt+]1'rp€iun(F(tl,t)B(t)u,I*)dt+tjrrvl%x(F(tl,t)C(t)v,I*)dt =

- Q%X(F(tl,to)é,I*)dt+]l(F(tl,t)B(t)u*(t),I*)dt+tjnvng(F(tl,t)C(t)v,I*)dt -

to
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= p(u*(‘),l*) 2 Ine]ciorL] p(u*()rl)
It follows from here thatvu e U(T), that isJ(u(-)) > J(u"(-)), there will be an optimal

control in problem u” =u"(t), t €T (4). The theorem was proved.

4. DISCUSSION
In the theorems presented above, equality (7) was obtained as a necessary and sufficient

condition for optimality. This condition can be use (1) function coL 1™ # 0 has a global minimum
in the set.

The obtained result can be written in the form of Pontryagin's maximum principle in the
theory of optimal control. Let's look at the function for this. y(t,1) = F'(t,,t)l,t €[t,,t,]. We

calculate t €T the special derivative of this function. It is known that the fundamental matrix
F(t,1)

% =-F(,DAQ1), telt,t], F(t,t)=E

satisfies the conditions. Given that,
t I aF, t ,t I r ! ! !
LD L L (R, AT = A OF (01 =AW ) ) =1

we form equalities..So, y(t,1) = F'(t,,t)l,t €[t,,t;] fuction (1) corresponds to the system

y=-AMty, teltyt] (11)
will be a solution of the joint system satisfying the condition w(t,) =1.
(7) equality
(B(t)u™ (1), F'(t,, )(-17)) = max (B(t)u, F'(t,, ) (-17)), vt € T

can be written in the form. This equality w (t,l) = F'(t,,t)I,t € [t,,t,]with help of function
(B(Hu™ (©).y (t—17)) = max(B(O)u,w (t,-17)), vt T

can be written in the form. Thus, the necessary and sufficient conditions of the obtained optimality
can be expressed as follows:
In order for the piecewise continuous control to be optimal in problem (4),

u =u"(), teT =[t,1] y () =-1" y =y (t)
(B(H)u™ (1), (1) = max(B(t)u,y" (1)), vt T (12)
the fulfillment of the maximum condition is necessary and sufficient, where the vector is the global

I” ecoL vector (1) funksiyaning global minimum point of the function.

5. CONCLUSION.
Based on the obtained results, it can be said that in order to find the optimal control in

problem (4), it is necessary to first find the global minimum point of the (1) functionl” e coL,
I” = 0 then determine the solution of the joint system that satisfies the condition (11) v (t,) =—I"

, and determine the optimal control from the maximum u” =u"(t), t e T =[t,,t,]condition (12).
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