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Abstract. In the paper we considere a model of linear dynamic control system under 

conditions of uncertainty. For this model minimaks optimal control problem of ensemble of 

trajectories on terminal funksional is researched. In the problem the necessary and sufficient 

conditions of optimality   are obtained.  
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1. INTRODUCTION 

To research mathematical models of management problems, advanced methods of modern 

mathematics such as differential equations and mathematical physics, theory of dynamic systems, 

functional and convex analysis, non-smooth analysis are widely used. This is the main factor in 

the comprehensive development of the mathematical theory of optimal processes [1-8]. The 

application of this theory to various practical issues in the management of complex technological 

processes, technology, economy, energy and other fields is expanding. 

In the field of practice, the importance of finding solutions suitable for the real situation in 

solving existing management issues is increasing. Therefore, it is important to build mathematical 

models and research them, taking into account the uncertainty of information about various 

parameters affecting the management process [7-10]. Such models have a wide field of application 

in a number of actual practical issues, especially in long-term forecasting problems in the 

economy, seismic strength of engineering and construction facilities, dynamics of infectious 

diseases. 

In the study of control issues, models with unique characteristics are formed when 

information about the parameters of the control system is incomplete. In conditions of uncertainty, 

in contrast to deterministic models of optimal control, it is necessary to look for such control 

effects, which are not intended to control individual trajectories, but to control an ensemble of 

trajectories. Extensive research is being conducted on models and issues related to trajectory 

ensemble management [8–14]. The model considered in this research work and the obtained results 

are inextricably linked with the works of [13,15,16]. 

2. RESEARCH OBJECT AND METHODS 

The following 

𝑥̇ = 𝐴(𝑡)𝑥 + 𝐵(𝑡)𝑢(𝑡) + 𝐶(𝑡)𝑣(𝑡)  ,  𝑡 ∈ 𝑇 = [𝑡0, 𝑡1]                 (1) 

for the linear control system 𝑥(𝑡0) = 𝑥0 ∈ 𝑀0  is the initial state and 𝑣(∙) ∈ 𝑉(𝑇) under conditions 

of uncertainty of external influences 𝑥 = 𝑥(𝑡; 𝑥0, 𝑢(∙), 𝑣(∙))  are defined on the right edge of the 

trajectories 

𝑔(𝑥(𝑡1; 𝑥0, 𝑢(∙), 𝑣(∙))) = ∑ min
𝑙𝑖∈𝐿𝑖

(𝑙𝑖, 𝑥(𝑡1; 𝑥0, 𝑢(∙), 𝑣(∙)))𝑠
𝑖=1        (2) 
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      we consider the problem of optimal control according to the functional in appearance [16]. This 

issue, according to the principle of obtaining a guaranteed result in management, 

𝐽(𝑢(∙)) = max
𝑥0∈𝑀0,𝑣(∙)∈𝑉(𝑇)

𝑔(𝑥(𝑡1; 𝑥0, 𝑢(∙), 𝑣(∙)))          (3) 

  consists of the problem of minimizing the terminal functional in the form of 

max
𝑥0∈𝑀0,𝑣(∙)∈𝑉(𝑇)

𝑔(𝑥(𝑡1; 𝑥0, 𝑢(∙), 𝑣(∙))) → 𝑚𝑖𝑛, 𝑢(∙) ∈ 𝑈(𝑇)                (4) 

given a minimax optimal control problem. 

In system (1), matrix elements 𝐴(𝑡), 𝐵(𝑡) are continuous in the interval 𝑇 = [𝑡0, 𝑡1]  

components of vector functions 𝑢(𝑡)  and 𝑣(𝑡) are dimensional and bounded in this interval. The 

set of valid controls 𝑈(𝑇) consists of dimensional functions 𝑈 ⊂ 𝑅𝑚  taking values from the given 

convex and compact set 𝑢 = 𝑢(𝑡), 𝑡 ∈ 𝑇 = [𝑡0, 𝑡1]. The non-local set of the uncertain external 

driving force parameter 𝑉(𝑇) is a convex and compact all-dimensional 𝑉 ⊂ 𝑅𝑘  taking values from 

the set 𝑣 = 𝑣(𝑡), 𝑡 ∈ 𝑇 = [𝑡0, 𝑡1]   consists of functions. 

Determining the necessary and sufficient conditions for optimality is an important step in 

solving the problem (4). In the study of these spheres (2) and (3) functionals and (1) system 

        𝑋(𝑡; 𝑢(∙)) = ⋃{ 𝑥(𝑡; 𝑥0, 𝑢(∙), 𝑣(∙))|𝑥0 ∈ 𝑀0, 𝑣(∙) ∈ 𝑉(𝑇)}, 𝑡 ∈ 𝑇 

we use the properties of the ensemble of trajectories. These properties are studied in [ ]. In the 

study of optimality conditions, we also use convex and functional analysis methods. 

[ 16] according to the results of work (4). 

                                        )),((min))(( luuJ
coLl




      (5) 

A concave functional can be thought of as a minimization problem over a set of misplaced 

controls, where )(TU  

          


1

0

1

0

0

,)(),(max),()(),(,),(max)),(( 111

t

t
Vv

t

t
M

dtlvtCttFdtltutBttFlttFlu 


 (6) 

Lemma 1. The functional defined by equality (6) is convex in 𝑢(∙) ∈ 𝑈(𝑇) with respect to 

forl  every  𝑅𝑛 assigned )),(( lu  Indeed, the concept of the basis function and the properties of 

the multivalued reflection integral are functional )),(( lu  . 

     
1

0

1

0

),)(),((),()(),(,),()),(( 1101

t

t

t

t

lvdttCttFdtltutBttFlMttFlu   

can be written in the form. According to the properties of the basis function, each of the three 

components on the right side of this equation consists of convex functions in l in 𝑅𝑛. As a result, 

their sum functional is also convex in )),(( lu  with respect to l in 𝑅𝑛. 

We also consider the following function: 

  


1

0

1

0

0

),)(),((max),)(),((min),),((max)( 1101

t

t

t

t
VvUuM

dtlvtCttFdtlutBttFlttFl 
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Lemma 2. )(l   function continuous at nR . 



 

SCIENCE AND INNOVATION 
INTERNATIONAL SCIENTIFIC JOURNAL VOLUME 2 ISSUE 4 APRIL 2023 

UIF-2022: 8.2 | ISSN: 2181-3337 | SCIENTISTS.UZ 

 154  

 

      The correctness of this assertion depends on the ),,)(),((min),( 12 lutBttFlt
Uu



),),((max)( 011 lttFl
Wv




 ),)(),((max),( 13 lvtCttFlt
Vv

  continuity of these functions and

nRl  , follows from equality.  
1

0

1

0

),(),()()( 321

t

t

t

t

dtltdtlttl   

3. RESEARCH RESULTS 

In problem solving (4), we study the necessary and sufficient conditions of optimality. 

Theorem 1. Let us assume that problem ,),(* Tttu   (4) is a piecewise-continuous optimal 

control. Then the function )),(( * lul   is for an arbitrary global minimum point *l  in the set 

TtlutBttFltutBttF
Uu




),,)(),((min)),()(),(( *

1

**

1   (7) 

relationship is fulfilled. 

Proof. If - ,),(* Tttu  is an optimal control, that is, if the functional (3) has a minimum 

point in the set 𝑈(𝑇)  , then by definition 

 )()()),(())(( * TUuuJuJ   

relationship is fulfilled. Considering formulas (5)-(6), we write this last relation as follows: 

)()(,),)(),((max)),()(),((),),((maxmin
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 (8) 

According to Lemma 1 )),(( * lul   , the function consists of a convex function in 𝑅𝑛. 

According to the properties of convex functions, it is also a continuous function. So this function 

has a global minimum in a convex compact set coL . Let - be an arbitrary global minimum point 

of the vector function in the set. taking into account the definition of the vector coLl * – vektor  

)),(( * lul   , we get the following relation from *l  (8): 
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for from here: 

)()( TUu   

 
1

0

1

0

)),()(),(()),()(),(( *

1

**

1

t

t

t

t

dtltutBttFdtltutBttF     (9) 

the fulfillment of the inequality follows. 

Let us assume that, ,),(* Tttu  – the optimal control is piecewise-continuous. For clarity, 

,),(* Tttu   we consider the function to be continuous from the left.  Now, taking an arbitrarily 

small enough number ),,[ 10 tt  and    0  number and  Uu , 
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we look at the permissible management in the form. This  ),,,()( ututu     management  (9) we 

get the inequality. And that time 

 








0)),()(),((),)(),(( **

1

*

1 dtltutBttFlutBttF  

we get the relationship. So, 

  0)(0)),()(),((),)(),(( **

1

*

1   luBttFluBtF  

get the inequality. The last equality  0  devided and  0  go to limit, 

UuuBtFluBtF  )),()(),((),)(),(( *

1

*

1   

we get the relationship. So, 

),,)(),((min)),()(),(( *

1

**

1 luBtFluBtF
Uu
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

   (10) 

that is, equality (7) ),[ 10 tt       holds for arbitrary. (10) using the continuity of the left and right 

sides of the relation, taking into account the transition to the limit and 

,  1t    go to limit and EttF ),( 11   taking into account the transition to the limit and 

),)((min)),()(( *

1

*

1

*

1 lutBltutB
Uu

  

we form the equality, that is, (7) is also fulfilled 1tt   for the equality. Thus, it was shown that 

relation (7) holds for all ],[ 10 ttTt  . The theorem is proved.  

 Theorem 2. Tttuu  ),(** , the global minimum point of the function should be found, 

and equality (6) should be )(l  fulfilled in order for the coLl *
piecewise-continuous admissible 

control to be the optimal control in problem (7) 

 Theorem 3. If Tttuu  ),(**  such a coLl *
global minimum point of the function for 

the piecewise-continuous )(l  local control is found, and equality (7) is satisfied, then such control 

will be the optimal control in problem (4). 

Proof. Suppose that the vector coLl * function )(l is the global minimum point coL  in the set 

and equality (7) is fulfilled. Then we will have the following for optional )()( TUu  : 
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      ).),((min)),(( *** lulu
coLl




  

It follows from here that )(TUu , that is ))(())(( *  uJuJ , there will be an optimal 

control in problem Tttuu  ),(**  (4). The theorem was proved. 

4. DISCUSSION 

In the theorems presented above, equality (7) was obtained as a necessary and sufficient 

condition for optimality. This condition can be use )(l function coL  0* l  has a global minimum 

in the set. 

The obtained result can be written in the form of Pontryagin's maximum principle in the 

theory of optimal control. Let's look at the function for this. ],[,),(),( 101 tttlttFlt  . We 

calculate Tt   the special derivative of this function. It is known that the fundamental matrix 

 ),( 1 ttF   
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),(

1
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, ],[ 10 ttt  , EttF ),( 11  

satisfies the conditions. Given that, 
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, llt ),( 1  

we form equalities..So, ],[,),(),( 101 tttlttFlt   fuction (1)  corresponds to the system 

 

                                              )(tA , ],[ 10 ttt                                   (11) 

will be a solution of the joint system satisfying the condition lt )( 1 . 

 (7) equality 

           TtlttFutBlttFtutB
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)),)(,(,)((max)))(,(),()(( *

1

*

1

*
 

can be written in the form. This equality ],[,),(),( 101 tttlttFlt  with help of function 

                            TtltutBlttutB
Uu




)),,(,)((max)),(),()(( ***   

can be written in the form. Thus, the necessary and sufficient conditions of the obtained optimality 

can be expressed as follows: 

In order for the piecewise continuous control to be optimal in problem (4),

],[),( 10

** ttTttuu   
 lt )( 1

*  )(* t   

                   TttutBttutB
Uu

 



 )),(,)((max))(),()(( *                          (12) 

the fulfillment of the maximum condition is necessary and sufficient, where the vector is the global  

coLl *  vector  )(l funksiyaning global minimum point of the function. 

5. CONCLUSION. 

Based on the obtained results, it can be said that in order to find the optimal control in 

problem (4), it is necessary to first find the global minimum point of the )(l  function coLl * ,

0* l  then determine the solution of the joint system that satisfies the condition (11) 
 lt )( 1

*

, and determine the optimal control from the maximum ],[),( 10

** ttTttuu  condition (12). 
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