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Abstract. This article is devoted to the study of the vibrations of a hysteresis-type elastic
dissipative characteristic cross-section under kinematic excitations. Analytical expression of the
transmitter function was determined for the purpose of checking the dynamics of the stern.
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It is important to develop mathematical models, taking into account the elasticity and
dissipative properties of them, and to correctly choose the structural parameters in the design of
structures of the stern type in many fields of engineering and technology. In certain processes,
there are issues of evaluating the vibrational movements of elastic rods, determining their specific
frequencies and dynamic characteristics, while changing the cross-section of elastic rods.

[1] - in the work, the problems of determining the solutions of the differential equations of
the vibrations of a stern with variable cross-section in kinematic motions using the approximate
method based on the asymptotic expansion of the sub-parameter e in terms of degree were
considered. The equations for determining the Stergen deformation function and its specific
frequencies and the formula for obtaining amplitude resonance lines of vibrations are given.

[2] — in the work, transverse vibrations of a boom with a variable cross-section were
studied. In cases where different boundary conditions and cross-sections are obtained according
to different variable functions, the specific frequencies of oscillations are determined analytically
and numerically, the analysis results and conclusions are presented.

[3] — in the work, the frequency equation of a variable cross-section boom under various
boundary conditions is defined and methods of solving it are given. The change in the cross-
sectional area is taken as the level of the sinusoid. Using substitutions, the differential equation of
motion was converted to Legendre's equation. This allowed us to search for and identify the
solution of this system in the form of graded series. In addition, the effect of the change of the
cross-sectional surface on the vibration behavior was studied using numerical calculations.

[4] — in the work, forced vibrations of the stern under the influence of periodic force were
studied. Transverse vibration equations are obtained according to the Hamilton—Ostrogratsky
principle. The specific vibrational forms have been proposed in several different ways and the
resonant frequency has been determined. The numerical results of the calculation are given in
tabular and graphical forms.

[5] —in the work, the transverse vibrations of the stern are expressed in the form of a matrix
and they are solved by the Cauchy sequence method. Eigenfrequencies are determined for various
boundary conditions and cases with constant and variable cross section. The almost direct
compatibility of the numerical methods with the existing simple software tools made it possible to
analyze the character of the sturgeon based on these programs from the solutions of the matrix
equations obtained by the Cauchy sequence method. The obtained analytical and numerical
solutions are compared.
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In this work, we consider transverse oscillations of a hysteresis-type elastic dissipative rod
under kinematic excitations. The length of the stern [, width b, thickness h and be mounted on a
moving base. In this case, the height of the boom is constant, the width is variable, and the material
of the boom is non-single-valued, representing imperfect elasticity. @(50) the function is replaced
by the following linear expression using the harmonic linearization method [6]

H(g):(_ql"' jQ2)§0! 1)

here Q,, g, - linearization coefficients; &,- deformation. For harmonic processes

2r
q, = S Ig@(acos@ cospdo,
7a 0

1 2 - (2)
d, =—— [ eP(acosp)sin pdg,
7a 0

here & - small parameter; a, @ - respectively f(t) amplitude and phase of the variable.
Here &, (t) variable is obtained as follows:

S(t)=acosp,  (3)
We write the differential equation of motion for transverse oscillations of the stern in
kinematic motions

0*M o*w
oxz o5

here M- bending moment; W - bending function of the stern; M, - unit mass of the length of the

=—MW,; (4)

boom; W, - acceleration of base movement.

We write down the bending moment of the cross-section of the stern
h/2

M =2b(x) [o,2dz, (5)

here o, — normal voltage.

(5) the connection between the normal stress and the relative deformation for the
considered sturgeon can be written according to the relationship [6]
here

0, = E[1+(_ L, + L, )[Co + f(§0 )]]fo’ (6)
E - modulus of elasticity of the stern material; &, - relative deformation;

L,,L, — are experimentally determined constant coefficients depending on the dissipative
properties of the stergen material; f(§o)- is the decrement of the sturgeon oscillations and is
expressed as:

f(&,)=C& +.C, &8 +...+C, &}, 7)

C,.C,,..C, — coefficients of the hysteresis contour, determined from experience,

depending on the damping properties of the stern material [7].
For the relative deformation, the following relationship is appropriate:
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o*w
=7——+, 8
é:O axg ( )
Substituting the expressions (6) and (7) into the bending moment expression (5), we get it

h/2 3
M =2b(x) [o,zdz = h o'w
0

(1+c (L, +jL,))+

82Wh’2 R
+2b()E(-L, + jL,) = jf(go)zzdzzEl TS+ C-L L) [+ )
oX° % OX
24 L otwe
+ EI[F(—LNL i) _([f(go)zzdz ,
3
here | = b(x)h ;
If we put the obtained expression (9) into the differential equation of the stergen (4), we
get
0% |o*w . 24 . “’Zf 24
Bl 51571+ C =L+ jL2)+h—3(— L + JLZ)_! (&, )z2dz |t +

h/2

a o [otw o |
+2E8x8x{ax (1 +Col- L1+JL2)+F(_L1+JLZ)_([f(go)szZJ}+

0%l o°w

. 24 _ hi2
+E8x2 N {1 +C ( L, + jL2)+h—3(— L, + JLz)_([f(fo)szZ]}Jr

o*w
+ mo ? = —mOWO;

(10)

(9) to find the solution of the equation, we expand the bending function of the stern into a
series according to its eigenforms, i.e.

wix.t) = U, (3T, (1), (11)

here T, (t) - function of time; U, (x) - functions are a special form of stergen oscillations and satisfy
the condition of orthogonality, i.e

_IfUi(x)Um(x)dx:O, i=m. (12)

U, (x) - the following well-known equation is appropriate for the function:
d‘U, (x)
dx*
here @, - the eigenfrequencies of the stern; T (t) - while the function view

El

~ma?U, (x) =0, (13)

2
T, =T,cosa; p(a) = ZCT 6U
i=0

(11) Substituting the solution and expression (14) into the differential equation (10) and
taking into account the differential equation (13), we get:

(14)
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pa} = 'ka2(|+3)ax ‘ax ‘

i{[‘l’ +(1+Co(- Ly + L, )efT ]J +3EI —L, +jL, )Tkz h' (az |82U |]}+

o, |
ox? ‘

. ] n i hi
m, e o T 1+Co(_ L+ JL2)+3(_ L+ JLZ)ZCiTka
k=1

E 0°l & %Y,
+— — —
= 2'(i+3)

] =-W,; (15)

Both sides of the resulting differential equation U _(x) multiply by and integrate in the

interval [0;1]. As a result, using the integral and the property of Dirac's delta function, and after
performing some calculations, we have the following differential equation:

T.k+{(1+co(_|-l+j|-2))a)k2+ JL ch ka i 3)
0™ 2i
L2 [ o7 oy, | E %1, U, _
Xluka {axz\ o | dx+m—oax—2£uk o~ [L+Cy(-L, +jL,)+ (16)
& b [ety,
3(-L+jL )Y CT.— < dx T, = —dW, ;
+ ( 1+J 2); i ka2|(i+3) 8X2 ‘:l X} k itho

| |
that d. =j—1‘; d,, :Idex; d, =IUk2dx.
0 0

2i

First, differential equation (16) in order to find the transfer function of the anti-vibration

boom s = % we bring to the algebraic equation through the differential operator, i.e

. 3EI A . h
{sz +{(1+CO(— L, + jL, )] e (L, +iL,) CiTkaTx

oUyi i-1 2'(i+3)
Lot o7 |ou, ], E oIt o .
X.(.)-Ukﬁxz [axz‘ 8X2k‘ dX+m_OaX_2-([Uk TZK[J'-FCO(_ L1+JL2)+ (17)
“ oy, |
L +jL,) dx T = —d W, :
+ le 2(|+3)‘6x2‘])(} X v
In this we define variables
d.
Tk=—N—'1 . (18)
here
. 3EI L . h'
N, =% + {1+ Cy(- L, + jL, ))? +mod2i (- L, + jLz)gciTkamx
¢ ot [ @e%|ou | E 0% | .
xluk — [ax?" axzk\ o l L+ Co(- Ly + L, )+

" h'  |o°U,]
—L +jL,)
+ Zl ka2(|+3)\ax ] }
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We write the absolute acceleration of the anti-vibration boom as follows:
Wa :W +W07 (19)

2
that W = Zt\ZN'

(19) the analytical expression of the transfer function in terms of the ratio of the absolute
acceleration of the stern to the base acceleration is as follows:

o(s,x) =14 S Te (20)

0
We write the transfer function expression (20) taking into account relation (18).

N, +(-d,U,s?)

D(s,X) = 21
(s,%) N, (21)
here
N1:N11+jN12

R 2 | A2

0° |0°U,
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27 | 2 2 2 2
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S A vA
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N;, = ColL,a + L Z i ka (i j { |82U2k§ de'i—
)k
e
0

=1 OX
E 0% 0% E 82
IUk :

+C,L, —
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k= Au2
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. h oy,
*2.C 2(i+3)| ox* |

The expression (21) is the transfer function of the transverse vibrations of the cross section
of the rod with the elastic dissipative characteristic of the hysteresis type in the kinematic
excitations.

We write the modulus of this transfer function as follows:

|cD(ja),x)|:\/(N“+dU @O 2 +|\|122 (22)
Nll + NlZ
The obtained analytical expression of the transfer function allows to study the dynamics of
transverse vibrations of the considered hysteresis-type elastic dissipative characteristic, variable
Cross section.
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