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Abstract. In this paper we consider one class controlled differential inclusion with a delay
argument. For such models of dynamical systems, the minimax optimal control problem for
ensemble of trajectories is researched. The existence problem and conditions of optimality is
studied. The existence theorem for optimal control, and the necessary and sufficient conditions of
optimality are obtained.
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INTRODUCTION

Differential inclusions are of great interest in the theory of optimal control [1,2,3]. They
have important applications in the theory of differential equations with discontinuous right-hand
sides, in differential games, in mathematical economics and in other fields. The theory of
differential inclusions and their applications is developing in various directions. Research is
underway on control and optimization problems for differential inclusions with delays, differential
inclusions with a fuzzy right-hand side, and other classes of differential inclusions and their
discrete analogues [4-8].

In the theory of optimal control, the study of control systems under conditions of
uncertainty is important [9,10]. One of the approaches used when making decisions in conditions
of incomplete information about the parameters of the system is the principle of minimizing the
guaranteed value of the control quality criterion [11]. This principle leads to minimax (or maximin)
control problems, which belong to the class of non-smooth optimization problems [10,12]. A wide
class of such problems consists of non-smooth control problems for an ensemble of system
trajectories. Various problems of controlling an ensemble of trajectories of a dynamic system are
considered in [13-21].

In connection with the issues of controlling dynamic systems with delays under conditions
of uncertainty, problems arise of controlling ensembles of differential inclusion trajectories with
delays. Some properties of differential inclusions of this type were studied in [22,23]. In particular,
conditions for the compactness and convexity of a set of absolutely continuous solutions have been
identified, and controllability conditions for an ensemble of trajectories have been studied. For
such systems, problems of optimal control of an ensemble of trajectories with non-smooth terminal
functional are considered [24,25].

This paper considers the minimax problem of controlling an ensemble of trajectories for
one class of model of a dynamic control system with delays. For this problem, existence questions
and necessary and sufficient optimality conditions are studied.
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2. MATERIALS AND METHODS OF RESEARCH
Let us consider a controlled differential inclusion with delays of the form

% c A(t)x+iAl. (O)x(t—h )+ b(t,u)t €T =[ty,t,], (1)

where xe R", ueV , Vis a convex compact set from R", b(z,u)is a convex compact

set from R". We will assume that the right-hand side of differential inclusion (1) satisfies the
following conditions:

1) the elements of the matrices A(¢)and 4,(¢), i = 1,k , are summable on T = [to,tl];
2) a multivalued mapping (¢,u) —> b(¢,u)is measurable in ¢ € T'and continuous in u €V,
and there is a function A(¢) summable on 7 such that ||b(t,u)|| < pB@), V(t,u)eTxV.

Admissible controls for system (1) are measurable bounded m -vector functions
u=u(t),t €T,such that u(¢) € V almost everywhere on T . We denote the set of all admissible

controls by U(T).
Let be u=u(t),t € T,an admissible trajectory, @,()eC"(T)), T, =[t, — h,t,], where

h=maxh,. An admissible trajectory is each continuous on 7, :[to—h,tl] and absolutely
i=1,k

continuous on 7 = [to,tl] a n-vector function x = x(¢),satisfying differential inclusion (1) for
u=u(t),t €T,and initial condition x(¢)=¢,(?),t €T, . Let us denote H (u,¢,)— the set of all
admissible trajectories of system (1), corresponding to the control u# € U(T) and initial function
p,()eC' (1), X(tu,p,)= {§ eR" :&=x(1), x(-) H(u,qpo)}, teT— the corresponding
ensemble of trajectories.

Let the state of the ensemble of trajectories of system (1) be estimated by the terminal
functional

Gu)= sup  g(x(t)). 2

x(1)eX (ty,u.9)
In (2) we will assume that g(x), x € R"is a maximum function of the form

g(x) = max(Fz,, ), 3)

where P, is rxn-matrix, z, € R",i =1,k.. Functions of the form (3) are continuous and convex on

R". The problem of optimal control of an ensemble of trajectories of system (1) consists of
minimizing a functional of the form (2), (3):
Sup g(&)—>min, ueU(T). (4)

SeX(t,u,py)

Admissible control u"(¢),¢ € T satisfying the relation
min Sup{g(£): & € X(1,.1,0,)} = Suplg(£): € € X(t,.u”.0,)f

uelU(T)
will be called optimal control in the minimax problem (4). Let us denote the posed optimal control
problem as follows:
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supmax(Pz,,x(¢,,u)) = min
x() =Lk u(-)

xe A()x + i A (Ox(t—h)+bt,u),u=ut)eV, teT =t,.t,] (5)

i=1

x(1) =@y ().t €T, =[t, —h,t,].

Minimax problem (5) belongs to the class of non-smooth optimal control problems. Minimax
optimal control problems for differential inclusions are studied by methods of multivalued and non-
smooth analysis [2,10,12]. We will study questions of existence and optimality conditions in the
minimax problem (5) .

By virtue of the results of [22—24], the set X (¢,,u,¢,)1s a convex compact set R "and the

representation is valid

X ,u,00) = S(,9,) + }F(tl,t)b(f,u(t))dh (6)

)

where F(¢,7) — nxnis the matrix function satisfying the equation?

OF (t,7) £
a—:—F(t,T)A(T)—ZF(I,T+hi)Ai(T+hI.), t<t, F(t,t—0)=E, F(t,7)=0, 7>2¢t+0,
T i=1

k toth

S(t1’¢0)ZF(tpto)(/’o(to)"'z IF(t1’t)Ai(t)¢0(t_hi)dt~

=g

Using (6), for the support function X (¢,,u,¢,)we obtain the formula:

CX @, u,00),y) = (S, 90).¥) +IC(F(flJ)b(t,u(t)),w)dt- (7)

Now, applying formula (7), we obtain the relation:
sup  g(&)= sup max(z,, &) =max C(X(t,u,9,),Fz,) =
SeX(u.py) EeX, (u.p,) =Lk i=Lk
=max| (S(t,9,),Fz,) + IC(F(fl Db(t,u(0)),Fz;)dt |. (8)
i=l,k

3. RESEARCH RESULTS
First, let us consider the question of the existence of optimal control in problem (5).
Theorem 1. Let, in addition to the above conditions, the support function C(b(¢,u),y ) of the set

b(t,u)be convex in u € V. Then in problem (5) there is an optimal control. In the case of strict
convexity of the support function C(b(¢,u),y) in u € V', the optimal control is unique.

Proof. From the formula (8) it easily follows that the functional
Jw)= sup ¢(S)

EeX (b ,u,py)
is convex on U(T") . This functional will be continuous in the metric L} (7") on a convex and closed
subset U(T") < L7 (T) . Therefore, due to the results of convex analysis, a solution exists in problem

(5). Since problem (5) is another form of writing problem (4), the existence of optimal control can
be considered proven. From formula (8) we also obtain strict convexity of the functional
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Jw)= sup q(&)if the support function C(b(z,u),y)is strictly convex in u €V . And this

EeX (hu.p,)
property ensures the uniqueness of optimal control. The theorem has been proven.

Now let us consider the question of necessary and sufficient conditions for optimality in
the minimax problem (5).

Let the control u *(-) € U(T) be piecewise continuous. We assume that the control u * (¢)
is continuous on the left at each discontinuity point. Consider an arbitrary point 7 €[¢,,#,)and a
sufficiently small number & > Osuch thatz + ¢ € T',v is an arbitrary vector from V. With these
parameters, consider the admissible control

u&,(t,v):{u*(t)’ te(r—e,7), (9
v, te(r—e,7),
Using formula (7 ), we have :

C(X(tvuw@o):l//)_C(X(tp”*a(po)a‘//) =

= [[CF@,.0b(v).p) = CF G, 0b(u" (0).9)ldt Yy € R (10)

Consider the function

C(X(t,,u,,0,),Pz,), & > O,

fi(g):{C(X(fpu*,%),f’,-zi),8=0- (b

Using relation (10), it is easy to verify that for all i = 1,k function (11) is continuous at
point & =0. In addition, taking into account formula (10), we have
C(X(t,u,,0,),Pz,)—C(X(t,,u",0,),Pz;) =
=& C(F(t,,0)b(z,v), Fz,) - C(F(t,,D)b(z,u" (7)), [z) ]+ o(e),  (12)
()

where — — 0at € — 0. Let's put:
&

I, ={:C(X(t,u,,p,),Pz)=max C(X(t,u,,p,),Pz)},
i1k

I* = {l : C(X(tleu*9¢0)9P['Zj) = m%C(X(tlau*awo)ag'Zi)} .
i=l,k

Using the continuity of function (11) at the point & =0and formula (12), we obtain the
following statement.
Lemma 1. There is a number ¢, =¢&,(z,v) > Osuch that /, c I, for Ve e(0,¢,), i.e.

equality is true:
max C(X(t,,u,,¢,),Pz,) = max C(X(t, ,u,,p,),Pz)Vee(0,s)). (13)
i=1,k iel,

Theorem 2. Let u" (), ¢t € T —piecewise continuous optimal control in problem (4). Then

for everyone ¢ €T the equality is true:

minmax[C(F (4, 0b(t,), Pz,) = C(F (4, 0)b(t,u* (1), Bz)] = 0 (14)

Proof. For definiteness, we will assume that the optimal control u" (¢) is continuous on the

left at each point of discontinuity of (z,,#, Jthe function, and continuous on the right at the point

209



SCIENCE AND INNOVATION
INTERNATIONAL SCIENTIFIC JOURNAL VOLUME 2 ISSUE 10 OCTOBER 2023
UIF-2022: 8.2 | ISSN: 2181-3337 | SCIENTISTS.UZ

t,.Let 7 €(¢,,t,],6 >0,7 —& > t,,v € V.Consider an arbitrary admissible control of the form (9).
Since u *(¢),t € T,—the control is optimal, it is a solution to problem (5), i.e. taking into account
formula (8) we have:

max C(X(t,,u,0,), Pz,) 2 max C(X(t,,u” ,¢,), P'z,) Yu() e U(T).
i=1,k i=1,k

Means,
max C(X(¢,,u,,¢,),Pz;) 2 max C(X(¢,,u*,¢,),Pz,) .
i=Lk i=Lk

Hence, by virtue of (13) we have
max[C(X (2,4, 0), Plz,) = COX (1 9,),P2,)] 2 0.

Therefore, taking into account (12), we obtain
meltx[C(F(t! ,7)b(z,v),Pz,)— C(F(t,,7)b(r,u"(7)),Pz,)]+ oe) >0,Vvel.
iel, &

Passing here to the limit at & — 0, we obtain
rgiVn rg?}ji[C(F(z‘1 ,7)b(z,v),Pz,)— C(F(t,,7)b(z,u*(r),Pz,)]=0.(15)
So, equality (14) is valid for any ¢ e (¢,,t,]. Passing to the redistribution in (15) at
7 — ¢, + 0 and taking into account the continuity of control u * (¢) on the right at the point 7, we
note that relation (14) is also valid at the point # =¢,. The theorem has been proven.
Theorem 3. Let there be an admissible control u *(z),z € T and a number i, € /, such that

t € T equality (14) holds for almost all of them. Then u * (¢) is the optimal control in problem (4).
Proof. Let be u(t),t € T an arbitrary admissible control. Then, by virtue of (8) and (14), we have

max C(X(t,,u,0,). Plz,) = max[(S(t,. 9,). Piz,) + | C(F(t,.0)b(tu(t)). Pz, )d1] 2
i=1,k i=1,k

ly

> max[(S(,,,), PZ,) + [ min C(F (1, 0b(1,v), Pz, )df] 2 max[(S(t,,¢,), Pz,) +
i=lk " ve ielx

t 4
+ _[miVn C(F(t,,t)b(t,v),Pz,)dt] = (S(t,,9,), Pz, )+ Ilen C(F(t,,0)b(t,v),Pz,,)dt =
tl (16)
=(8(4,,9),P.z,) +J.C(F(t1 ,Ob(t,u* (1)), Pz, )dt = max C(X, (u*,¢,),Fz,)
i=1,k
According to (8), the last relation will take the form.
g(&)z max g(&),VueU(T).

:exm .g") £eX(tu*g”)
The resulting inequality shows that u *(¢),¢ € T', is a solution to problem (5), i.e. optimal
control in the minimax problem (4). The theorem has been proven.
Example. Let in problem (5) n=2m=1k=3,z =1,z,=2,z, =-1,
B =2-1)p =0,-1)P =(1,-1).

0 0 0 1
= = =\|— X V:—l,l
A (0 O],Al (o O}b(t,u) [—t,t]x{u}, V =[-L1],
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1
ty=0,t,=2, h=1, qoo(t):[o), ~1<¢<0.

According to these data, we obtain the following minimax problem:

sup max{le (2,1/!) — X, (2,U),x2 (2,1/!),)('2 (2,U) —X (2,U)} - Hl(l)n
x(-) “e

X, €x,(t=1)+[-t,t],x, =u(t),

u(t)| <1,re[0,2],

X, () =@, () =1,x,(1) =9, (1) =0, —1<£ <0,
For the system under consideration we have :

11— 10
F(2,r):[0 IT],OSTSI;F(LT):[O 1],1g1g2;

2
0, = (S2.0,),Bz,) + [ min C(F(2,0b(t,v), Bz, )di = %;

2
o, =(5(2,9,),Pz,) + IrgleiVn C(F(2,0)b(t,v),Plz,)dt =4 ;

2
o, =(82,9,),Pz,)+ jmlrjn C(F(2,0)b(t,v),P/z,)dt = _%;
0}

So, max o, = o,,i, =1 . From the condition of the form (17)

min C(FQRuOb(Y). Piz,) = COF (Dbt * (0).Pi) Vi €[0.2]

. 1 . 1 . ) ..
we define a single function: u"(t) =-1,0<¢ < 5 cu (1) = 1,5 <t <2 . For this function, condition

(18) is satisfied:

2
ma[(S(2.00). P2) + [ CFQub(t (0), P, ) = max{32:7 =

ty
So, the found function is u (1) =—1,0<¢ < %; u'(t)= 1,% <t <2, is the optimal control
in the problem under consideration.
4. DISCUSSION OF RESULTS
Some useful remarks can be made regarding the results obtained.
Remark 1. Let be 7, ={i,} —a singleton set. Then from Theorem 2 it follows that for
piecewise continuous optimal control u *(¢),¢ € T, the equality is true:

min C(F(t,,0)b(t,v), Pz, ) = C(F (¢, 00b(t.u* (1)), Plz,) Yt T (17)

Remark 2. From relations (16) it follows that if i, € [, , 1.e.

(S(t,00), P, z,) + [ CCF (t,,0)b(t0" (8)), P!z, )dt =

= max((S(t,.0,). Pz,) + | CCF (0B (0), P2, )], (18)

i=Lk o
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and condition (17) is satisfied, then the equality is true max o, = o, , where
i=1,k

0, = (S(ty, @), Pz,) + [ min C(F (1, 0b(t,v), Pz, )dr .

So, according to Theorem 3, in order to find the optimal control, it will be enough to

determine such i, €{l,2,..., k} that max o, =0, , and after finding the control u *(¢),t € T from
i=l,k

condition (17), check for this number that i, condition (18) is met. If this is the case, then the

constructed control u * (¢),¢ € T, will be the optimal control in problem (5).

CONCLUSION

The paper considers one minimax-type control problem for differential switching with
delays. The problem under study is a problem of optimal control of an ensemble of trajectories of
a dynamic system. The existence of a solution to the minimax problem and optimality conditions
are studied. Sufficient conditions for the existence of optimal control are given. Theorems on
necessary and sufficient conditions for optimality are proven. The results obtained show that they
allow the development of an algorithm for constructing optimal control in the considered minimax
problem.
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