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Abstract. In this paper is considered whether the function

u=In(x +x +..+x)=In[(z,+ 3)’ + (2, + 2,)* +...+ (2, + Z,)°] - 2In 2 belongs to the class of
m-subharmonic and strongly m-subharmonic functions.
Keywords: m-subharmonic function, strongly m-subharmonic function, vector hessian,
eigenvalues of the Hermit matrix.
Mm— CYBI'APMOHMYECKHUE U CUJIBHO m— CYBI'APMOHHNYECKHUE
O YHKLUU
Annomauus. B pabome  paccmampusaemcs NPUHAOTEHCHOCTb @yHukyuu
u= In(xf + X5+t xnz) =In[(z,+7)* +(z,+Z,)* +..+(z2,+Z)*]-2In2  x  xnaccy = m-—
CcyO2apmMoOHUYecKux u CuibHo M—cyb2apMOHUYeCcKux QyHKyuil.
Knwuesvie cnosa. m-—cybeapmonuueckas @yHkyusa, cuibHo M—cybeapmMoHuuecKas
qbyHKuu}z, BEKNOp ceCcCuan, cobcmeennble 3HaYeHUs mampuybl meuma.

INTRODUCTION

The pluripotential theory which connected with nonlinear Monge-Ampere equation and
plurisubharmonic functions was built in 80s of last century. This theory was constructed due to
fundamental results of mathematicians from USA, Poland, Sweden, France and Uzbekistan
(E.Bedford, B.A.Taylor, J. Sisiak, H-J.Bremerman, U. Cegrell, A.Zeriahi, A.Sadullaev) and etc.
In the 1990s there were many attempts to develop and expand the pluripotensial theory to

broader classes of functions. One such class is the m — subharmonic (m—sh) functions
(I<m<n).

The theory of potentials in the class of m—sh functions was developed by A. Sadullaev
and B. Abdullaev (see [1]) and is now successfully used in a number of areas of mathematics.
By B.l.Abdullayev in the article[5], this

u=In(x+x +x)=In[(z,+3)* +(z, +2,)* + (2, + 1,)’]-2In 2, (1) (where z,
is equal to the following z; =x;+vy;, j=12,3 ) function is proved to belong to the classes

1-sh and 2-sh.
Also, the question of whether this function belongs to the class of strongly 2-subharmonic
was raised. In the article, we show that the function

u=In(x +x +..+x ) =In[(z, + 3)* + (2, + Z,)* +...+ (2, +Z,)’] - 2In 2 (2) is sh_when
n—([ﬂ—l}smgn, n>2 and m—-sh iswhen 2<m<n.

MATERIALS AND METHODS
m—subharmonic and strongly m—subharmonic functions.

For a twice differentiable function u OC?2 (D) the second-order differential form
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c i -
ddu :Ejzk:uj'kdzj Adz, (3) where
2
U, = , is Hermitian quadratic form at a fixed point z° € D.
o, 0z,
Here, as usual
> OU > ou
du=adu+ou=>) —dz +>» —dz,
a1 0Z, k=1 0Z,
du=—[y N z
4 =, azk 1 O
After a suitable unitary transformation [3] at a fixed point point z° € D, the Hermitian
differential form reduced to the diagonal view:
dd°u :%(ﬂldzl/\dz_ﬁﬂzdzz AdZ, 4.4 202, AdZ,). 4)

In this case, I,,...,1, are the eigenvalues of the Hermitian (u.f) matrix, and

n j.k

=(Aon Ay ) el " are real values. The operator (dd°u)m/\ﬂ”’m can be written as

(dd°u)m AL =mi(n—m)H,_ (u)B", where H (u)= > 4,4,..4, — is mth— order
1< < jp <o <N
Hessian of the vector A(u,z°)=2=(4,...4,)e0".

Definiton 1. An upper semicontinuous in a domain D <[1" function u(z) is said to be
m-—subharmonic in D, uem-sh(D), if dd‘uapg™" >0, in the generalized sense, as
current, i.e.

dd°Cu /\,Bm_l(a)) = _[u,b’m_1 Add°w@>0, YoeF"™ ™ »>0.

F n-m,n-m

Here p= dd°|z|2 — is the standard volume form of the space (1" and is the

space of compactly supported in D smooth differential forms of bi-degree(n —-m,n —m). Note

that
psh(D) =1-sh(D) c m—sh(D) c n—sh(D) = sh(D).
This definition can be expressed following for twice smooth functions:
Definition 2. If for a twice smooth ueC?*(D) D<U" function (at a fixed point z° € D
) the inequality
dd°uan g™t >0 (5)
Holds, then this function is called m— subharmonic (1£ m < n) function in a domain D.

We express the definition of strongly m—subharmonic function as follows:
Definition3. If for a twice smooth ue C?(D) D<l" function (at a fixed point z° € D)

the inequalities
(ddu) A" 20, Vk=12,..,n-m+1 (6)
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Holds, then this function is called strongly m— subharmonic (1<m<n) function in a

domain D.
A, eigenvalues of the function

Eigenvalues of the Hermit matrix. We find the 4,,4,,...,

(2) Hermite matrix (qu ) First, we perform the following calculations:

a_u:%zz(z )_2 Z +Z
|z+z| |z+z|
ou__1 2, +7,
2(2,+Z 2 :
ou 1 A2, +7,) = 52 +23_
oz, |z+z| |Z+z|
ou_ 1 2z 47)= 2zn+z
aZn |Z+Z| |Z+Z|
yu = O 2247 2Az+7)-2Az+Z) 2 Az +T)
n = 02,07, |Z+Z| |z+7|4 |z+7|2 |z+7|4
2)u. = o%u =—2(Zl+71)'2(22+72)=_4(21+71)(22+72)_
. 821ﬁ2 |Z+7|4 |Z+7|4 )
3)u, = o 4(Z +Z)(2,+Z,) .
v o, |z+z| ’
4 u. = o 4(z +Z)(z,+7,) . ’
non0n, |z+z|
5)u. = o _ 2 Az +7,)° ;
Yoo, |zezf Jzezf
6) U, = o’u 4 (2+7)(%+7)
23 6226_ |Z+Z| ;
7) u o'y (Z +7,)(2,+7,) .
o azzr |z+z| '
8) u,, o 4(2 +7,)(2,+7Z,)
7 a 20Z; |z+z|
U o 2 4(Z3+73)z .
3B 07,0, |Z+Z| |Z+7|4
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U, (4T +T)

U = = LU s, t=1n; s#t
aZsazt |Z+7|
_ 0 2 Mz+z)t
s - 2 4 2T
Y00t |z2+1 z+17]
Now let's look at the following determinant:
2 _ 4(Zl+zl)2 _ﬂ _4 (Zl +71)(Zn +7n)
=2 =4 =4
Uj—4 .. U lz+z]"  |z+7] |z+7]
Uni unﬁ_ﬂ' _4(Zl+71)(zn+zn) 2 _4(Zn+7n)2_
|z+7|4 |z+7|2 |z+7|4
4 _
|Z+Z| 2 _4(Zl+zl)2_ﬂl o (Z +7)
4z, +7) o

|z+7|2 |z+7|4

|z+2|4 |z+Z|4 . )
j2+7] { 2 _Mz+z)’

(2 +2) 4z, 12,

lz+zf  |z+7*

To make it easier to calculate the above determinant, we will make the following transformation:
2 Az +7)

- 2 o k=1n
|z+1| |z+1|

Xy

ak = Zk +7k, k :H
Thus, we come to calculate the following (see [4]) determinant:

X 8. a,
a a a a
“ =(x1—a1)(x2—a2)...(xn—an)[1+ x1—1a1+x2—2a2 +...+Xn_”anj,
a‘l az... Xn
z2+7[" 2 My+17)° 20z+7f -|z+2[' 2
X = - — -] \-(z+7)= -
“Mu+7)||z+2]7  |z+7 42, +7)
% — _4(21 + 71)2 a, — _4(Zn + Tn)z
x—a 2z+zf-|z+z['2  Xn—a 2z+zf -|z+7]' 2
P2
P T R - T 4 2 :—2—|z+zl/l
X—a X—& Xp — &y, 2—|Z+7| A 2—|Z+7| A
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2 2
/11,2,3,...,n-1 = —|2 Ay =- _|2

lz+7 |z+7

RESULTS
m —subharmonicity of the function u :In(xf+x22+...+ xrf) Let's check the given

function for m — subharmonicity. We get the equation
=\ N
n I
(ddc‘z‘z) = n!(E) dz, AdZ, A...Andz, Ad Z, =nldx, AdX, A...AdX,, =dV,

where dV is the volume elementin C" ~ R?". From the fact that

cro\™t i - -
(cd®[2f*) =(m—1)!(§j X dyndZendy nd7,
<j<e<jmasn
and condition dd°‘u /\(dd° |z|2)m_1 >0 in the definition of m—sh function, we get the following
form:
dd“u n(dd*|[ ) =
=(m—1)!(Lj 1sj1<‘~§J; . A;dz; AdZ; Adz; ADZ; .. Adz;  AdZ, >0
Ejen

Now multiply both sides of the above inequality by the positive form

n-m —

(%) dz, AdZ ..Adz, AdZ, , 1<k <..<k, ,<n, and getthe system of inequalities

A+t 20, 1< <<, <n. (7)
If we take into account that 4,5 4 =L2, Ay =— 2 >, then the system of
|z+7| z+7|
inequalities (7) is valid for 2<m<n.
Theoremd. U=In(x¢ +3 +...+X ) =IN[(z, + )" +(2,+ Z,)* +...+ (2, + Z,)’]-2In 2

function is m-—sh function when 2<m<n.
Strongly m —subharmonicity of the function u =In(x’ +x; +...+ . ). Now we check

the function (2) for a strongly m— subharmonicity:
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since  equality (ddcu)m/\ﬂ”‘m:m!(n—m)!Hm(u)ﬂ" holds, if the Hessian vector
Ho(u)= Y A4,4,..4, — is positively defined, then (dd“u)m/\(dd°|z|2)n_m20 is
I<j<..<jn<n
satisfied. So, for the given function to be sh ,1<m<n according to the definition, the
following inequalities must be fulfilled:
H,(A(u))=0,H,(4(u))20,...H, ., (4(u))=0.

! n—-m+1

In the case where n=2, the eigenvalues of the Hermite (uji) matrix of the function

(2) are equal to A4, =+

In the case where n=2, m=1, the following 2 inequalities

—_2 "
|z+z|
{Hl(ﬂ(u))zo
must be fulfilled at the same time:
Homet (A(U))=H,,y (2(u))=H,(2(u))20
It is not difficult to see that,
Hy(A(0)) =2+ 4, g 2_|2 y 2_|2 -
Z+12 Z+12
4
H,(A(u))= 44, =_|z+E|4 <0

And H, . (4(u))=H,,,(4(u))=H,(2(u))=0 when m=n=2.
So, the function u = In(xf +x§)= In[(z, +Z)*+(z,+Z,)’]-2In2  can be sh,, but not

sh,.
when n=3:

2 2

A 2

2= 2 == 2

|z+z| |z+z|
If we take m=n=3, then H,_.,(A(u))=H,(2(u))=4+4+220.
If n=3, m=2,then
Hl(ﬁ(u))=zl+zz+ﬂazﬁ>o
L+ 27
4

— <0
|z+z|

Horma (2(0)) = Ha (4(0)) = Ay + Ay + Ay =

So, the function u=In(x’ +x; + %) =In[(z, + 7,)* +(z,+Z,)* +(2,+ Z,)’]-2In2 can be

sh,, but it cannot be sh,.
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And for n=6, function (2) can be sh,, but cannot be sh,:

21,2,3,45 2_2 v e = 2_ 2
2+7] 2+7]
HJ&@»:A+%+@+@+@+%=—§3>O
|2+7]

Ho (2(U)) = Ay + Ay + Ay + 2ads + Aods + Doy + Doy + Do + Ao +

Ay + Aol + Ahg + Ay ds + Ay + As A = 20_4 - 10—4
z+7 [z+7]

Hy (A(0)) = Aoy + Aoy + Ao + Duds + Ay oo + Do + Dududs +

A + Adsds + L Ady + Mdds + oA + Mdads + Ay Mg + Ay ds A + Aoy ds +

A i A 202|6 I 202|6 ~0=(dd"u)’ n e} =0
+ +

>0

Hg s,y (4(u))=H,(4(u))<0. Thus, in the special case where n=2 and n=3, the
function (2) is sh,in m=n, i.e. subharmonic function, In the case of n=4 and n=5, when
n—-1<m<n,it is the sh, function, and in the case of n=6 and n=7, it is the sh, function

when n—-2<m<n. Also, for n=8 and n=9, when n-3<m<n, sh, function is. In general,
when n —[B—lD <m<n, n>2, the given function is sh, function. We prove that: From

the above calculations, we can conclude as follows:
H,(4(u))=0, H,(A(u))<0at n=2 and n=3;
H,(2(u))=0,H,(A(u))=0,H;(A(u))<0at n=4 and n=5;
H,(4(u))=0,H,(2(u))=0,H,(A(u))=0,H,(A(u))<0at n=6and n=7.
Indeed, H,(4),H,(4),...H (41)=0, H, ,(1)<0n=2k and n=2k+1.
Let's check this for n=2k +1:
As we know, 4, 5o = 2 Aot = 2

—2 - —2
|z+z| |z+z|

There are Cj,, terms in the sum of H (1), and Cj of them are positive, because

Ay, 1S NOt involved in these terms. Those involved in 4,, ., are equal to CJ;,, —CJ, =CJi™", that

| |
is, in the sum of H, (1), (2k): terms are negative, G terms are
(m-1)1(2k —m+1)! m!(2k —m)!

positive, and all terms have the same value.
It is not difficult to see that the inequality

277



SCIENCE AND INNOVATION

INTERNATIONAL SCIENTIFIC JOURNAL VOLUME 1 ISSUE 7
UIF-2022: 8.2 | ISSN: 2181-3337

(2K)! _ ()

(m-1)1(2k—m+1)! " m!(2k —m)!

holds when m§k+%. So, H,(4)=0 for m=1k and H,(4)<0 for m=(k+1),n. For

n=2k, it can be seen that H,(1),H,(1),...,H, (1) =0, H, (1) <0, following the same
considerations as above. This means that the function given in n=2k and n=2k +1 is the sh,

function when n—(k—1)<m<n. So we came to the following conclusion:

Theorem2. u=In(x} +; +..+ X} ) =In[(z, + Z)* + (2, + Z,)* +...+ (2, +Z,)°] -2In 2

function is a sh, function when n —(B—lD <m<n,nx>2.
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