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Abstract. In this article, the necessary conditions for nilpotency of matrices of three and
higher dimensions are studied. In addition, its application to quadratic stochastic operators is
presented.
Keywords: nilpotent, quadratic stochastic operators, zero divisor, multidimensional
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HUJABINIOTEHTHI AEJIUTEJIN HYJISI MHOT'OMEPHBIX MATPUIIbI
Annomauun. B oannou cmamve uzyyaromcs HeoOXooumbvle YCI08Usl HUTbNOMEHMHOU
mampuy mpex u 6Oonee pazmeprHocmeiul. Kpome moeo, npedcmasieno e2o npunodxcenue K
Keadpamuqﬂbm cmoxacmudecKum onepamopdam.
Knroueewvie cnosa. HUJlbnomexrm, Kea()pamulteCKoe cmoxacmudecKkoe onepamopbl,
oenumernu HYJIA, MHO2OMEPHAA mampuyd, CUMNIJIEKC.

INTRODUCTION
We know that quadratic stochastic operators depend on B; , coefficients, that is way we

need to study three-dimensional matrices. Although matrices have been widely studied in n =2,
but the properties of matrices in three and higher dimensions have not been fully studied. This
article is devoted to it and shows its connection with quadratic stochastic operators.
MATERIALS AND METHODS
We introduce the necessary concepts of multidimensional matrices and quadratic
stochastic operators. We mainly need three-dimensional matrices, so we give their definitions
below.

Definition. Let T, T,, T;,..., T,, be K xn matrices with real entries. A 3-d matrix Ais
an array of the matrices T, T,, T,..., T, arrayed from top to bottom. We denote this as
A=[T,|T,|...|T,]; and call this the top representation of A.We also write A as follows. [1]

al,l,l a1,1,2 tee a1,1,n am,1,1 am 1,2 e am,1,n
A _ . . . . . . (1)
a1,k,1 a1,k,2 a1,k,n am,k,l am,k,2 am,k,n

Aisa mx K xn matrix.
Definition. The nonlinear stochastic operators are defined on a simplex S, and the
dimensional of the simplex is (m —1), as [3]

m
S™={x = (X, Xy, X5, %) €R™, DX =1, and x, >0}
i=1
Definition. The evaluation of the nonlinear stochastic operators as

(VX), = Z P i XiX]

i, j=1

399



SCIENCE AND INNOVATION

INTERNATIONAL SCIENTIFIC JOURNAL VOLUME 1 ISSUE 5

UIF-2022: 8.2 | ISSN: 2181-3337

Where the B, is the transaction matrix under the condition:

m
Pij,k = Pji,k 2 O,Z Pij,k = 1
k=1

We write the operator in the form of a matrix. []

X
a:I.ll alm,l X
(X, Xy e X)) : 2
a'ml,:L a'mm,:L X
X
a112 M a:I.m2
m ( X X)) > . o X
in Pij kX = :Xl 2 : . : 2
i=1 .
am1,2 amm,2 X
X
(% X o %) | e e
a'ml,m e a'mm,m :X (2)

If we multiply and calculate this matrix, we can write each in the following form.
V (Xl) = a11,1)(1)(1 + a12,1)(1)(2 +ot aim,lxixm + a21,1)(2)(1 + a‘22,1)(2)(2
oot Ay XX F e A X Xy F B X X e+ 8 X,

mm,le

V (XZ) = a11,2X1X1 + a'22,2)(1)(2 +..+ a1m,2X1Xm + a21,2X2X1 + a22,2X2X2
V(x)=| +..+ By o Xo Xy e+ A X X+ 80 X Xy + oA X X 3)
e e Rttt bt e e R R SR SR S b b b e
V (Xm) = ail,mxlxl + a12,mX1X2 +...t a1m,mX1Xm + a21,mX2X1 + a‘22,mX2X2

Fot 8y KX+t X X A, X X 8 XX

m2,m”“*m mm,m“*m“*m

2m,m
In our work, it is clear that a nonlinear operator can be constructed using
multidimensional matrices.
RESULTS
1. For multidimensional matrices [2], we will consider which conditions are fulfilled for
divisors and nilpotency of zero, and we will construct a nonlinear operator using those matrices.
Of course, for zero to have divisors, the following condition must be fulfilled A-B=0. We
calculate from the property of multidimensional multiplication.
Lbe b,
b, b
2 3 =

A [as asj(ai a4j 8 [bs bg]
a ala, a)|  |\b b,
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o))
ooJ-)r{) oo

T TR TR [abi+ahy ab+ab, |
POITR R T2RZ| |ab, +ab, ahb, +ab |
T - Tzl : Fll Tz2 : F12 _ abs +ab,  aby + agb4_

’ T21 : F21 T22 ) I:22 a1b6 + a2b2 a'4b7 + a3b3_

AB- ab, +asb,  agb, +ab,
ah, +ab,  agb, +ayb,

(%@+%Q m%+%mﬂ
abg +ab, a,b, +apb,
ab; +ab, =0, ahb,+ab, =0, ab +ab =0 ab;,+ab,=0
ab, +asb, =0, ab, +ab,=0, ab,+ab,=0, ab +ab,=0
When we solve this system of equations, the possible solutions are as follows.
0,0,0,0,0,0,0,0,b,,b,,b,,b,,b;,b;,b,, b,

0101C1d10101a71a81b11b210101b51b61010
aila210101a51a6101010101b31b410101b75b8
aj_la21a31a41a5sa61a71a-81010’01010’01010

2. In our next problem, we will consider nilpotency. h =2, A*> =0
Ha b (m nﬂ Ha b)(c dﬂ
A= d A=
c . m n\p a/]
a m C
T = F'=
SHREWLEWLEH
d
w-{a)wa) -l (o)
q
7 T'F T2-F° _ a’+mc  b*+dn
YITHF T2-F2| |ac+pc bd+dg
T,-F' T-F? B
TR TZRZ|

‘'ma+mp nb+qn
' mc+p® nd+q?

_|fa*+mc b*+dn
ac+pc bd-+dg

ma+mp nb+qgn
mc+ p> nd+q°
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a’+mc=0, ma+mp=0
ac+ pc=0, mc+ p>=0
b’ +dn=0, nb+qgn=0

bd +dgq=0, nd+qg°=0
3. The solution can be in the following forms.
(0,0,0,0,0,0,0,0), (0,0,0,0,0,n,0,0), (0,0,0,0,m,0,0,0), (0,0,0,0,m,n,0,0),

b® b? a’
(Olbloi__loinloi_b)i (Olblol__lmlnlol_b)1 (aiol__loimloi_aio)!
n n m

2 2 2
a

(aloi_%lo1 m1 ni_alo)l (a,b,_ﬁ,_%, m1 ni_ai_b) .

This is our problem, when does the multiplication of the matrix by itself become equal to

itself again A* = A?
AHa b](m nﬂ AHa bj(c d]
¢ d)\p a/| m n)ip aq/|
(ma+mp nb+qn}
:

A2 a’+mc  b’+dn
ac+pc bd+dg )\ mc+p® nd+q?

a’+mc=a, ma+mp=m

ac+ pc=c, mc+p°=p

b’ +dn=b, nb+qgn=n

bd +dgq=d, nd +g°=q
(a,b,c,d,m,n, p,q) ={(0,0,0,0,0,0,0),(1,0,0,0,0,0,0,1),
(1,0,0,0,0,0,1,0),(1,0,0,0,0,0,1,1),(1,0,0,0,0,n,0,1),(10,0,0,0,n,1,1)
1,0,0,0,m,0,0,0),(10,0,0,m,0,0,1),(2,0,0,0,m,n,0,1),
(1L,1,0,0,0,0,0,0),(L1,0,0,0,0,0,1),(110,0,0,0,10),
1,,0,0,0,0,1,1,(1,1,0,0,0,n,0,0),(1,1,0,0,0,n,1,0),
(4,1,0,0,m,0,0,0),(1,1,0,0,m,0,0,1),(0,0,0,0,0,0,0,0),
(0,0,0,0,0,0,0,1),(0,0,0,0,0,0,1,0),(0,0,0,0,0,0,1,2), (0,0,0,0,0,n,0,1),
(0,0,0,0,0,n,1,1),(0,0,0,0,m,0,1,0),(0,0,0,0,m,0,1,1), (0,0,0,0,m,n,1,1),
(0,1,0,0,0,0,0,0), (0,1,0,0,0,n,1,1)(0,1,0,0,m,0,1,0),(0,1,0,0,m,0,1,0),
(0,1,0,0,0,0,1,0),(0,1,0,0,0,0,1,2),(0,1,0,0,0,n,0,0),(0,1,0,0,0,n,0,0),(0,1,0,0,0,n,1,0),
(0,1,0,0,m,0,1,1),(0,1,0,0,m,n,1,0), (O,b,O,@,O, n,0,1-b),

(0.0,0, b(1-Db)

1ms nllil_ b)!(llliolol m1 n,0,0),(l,b,O,

ba;bXQn@J—by
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b(1-b) b(l- b) a(l-a)

4,b,0,—=,0,n,1,1-b),(1,b,0,———=,m,n,0,1-b),(a,0,—=,0,m,0,1—a,0),

a(l-a) al-a)

(a,0, ,0,m,0,1-a,1),(a,0, (m )Omnl a,l),(a,,—,0,m,0,1-a,0),

b(L—b) a(l-a) al-a)

(0,b,0,~— 0,n,1,1-b),(a,1,
a(l—a) b(l-b)

,0,m,0,1-a,1),(a,, —=,0,m,n,1—2a,0)

(a,b, ,mnl1-al-D).

DISCUSSION

We have shown that there are many solutions for nilpotency and zero divisors. Through
these for each matrix, a nonlinear stochastic operator [4]-[14] can be construct. Example: If
coefficient (1,1,0,0,0,0,1,1) for a three-dimensional matrix, from (3) we see its expression on the

\Y (X1) = X12 + XX,
V(Xz) = Xz2 + XX, |
CONCLUSIONS

In short, we want calculate multiplication of matrix, zero divisors, nilpotency and
construction of an operator using three-dimensional matrices.

operator.
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