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Aunnomauusn. B oannoii pabome paccmampueaemcs Henpepul8HAs MUHUMAKCHAS 3a0add
07151 Kacca K8aopamuyHulx yukyuil. B smotl ne2nadkotl 3adaue u3yuenvbl HeKomopbwvle C8olUcCmad
Gynkyuu maxcumyma. Ilonyuenvl ycnoeus cywecmeoéanus u eOUHCMBEHHOCMU peuleHUs.
Hccneoosanvl HeobXxooumble U 00CMAamouHble YCa08Us ONMUMATbHOCTIU.

Kniouesvie cnoea: keaopamuunas hynkyus, QyHKYus MaKxcumyma, He2iaokas Qyukyus,
MURUMAKCHAA 361()61'{61, cyuiecmeosarnue peterus, yCiosusl onmumailbHoCniu.

ON THE CONTINUOUS MINIMAX PROBLEM FOR CLASS QUADRATIC
FUNCTIONS

Abstract. In the paper we consider continuous minimax problem for class quadratic
functions. In the nonsmooth optimization problem some properties of maximum function are
studied. The conditions for existence and uniquely of solution are obtained. The necessary and
sufficient conditions of optimality are researched.

Keywords: guadratic function, maximum function, nonsmooth function, minimax problem,
conditions for existence, conditions of optimality.

BBE/IEHUE

3ajaud Ha OTBHICKAHWE MAKCMMyMa M MHUHHUMyMa, T.e. HauOOJBIIMX M HAUMEHBIINUX
3HAYEHUU NEPEMEHHBIX BEJIMYMH, BO3HHMKAIOT BCIOJY, TJE CIEAYET ONPENEIUTh HAWIIy4LIETO,
COBEPLIECHHOI0, WIH, KaK TOBOPAT, ONTUMAJIBHOIO PELIEHUsS [0 HEKOTOPOMY KPUTEPHUIO U3
MHOECTBA BO3MOKHBIX BapHaHTOB. VX Ha3bIBalOT 3KCTpPEMaJIbHBIMU 33Ja4aMH WM 33JladyaMu
ONTUMM3AIMH. B CTAaHOBIIEHUU U PAa3BUTUH TEOPHUH ONTUMHU3ALMK OCHOBOIOJIATAIOIIMMH ObLIH
3a/1aud, UJIEM M METOJAbl TakuWX Benukux yueHbiXx, kak W.Kemnep, II.depma, X. I'toiirexc,
W.Hetoton, U.bepnynnu, XK. Jlarpanx, JI. Ditnep, K.Beliepitpace u np. Teopust skcTpemMalibHbIX
3a/1a4 3aHUMaeT BaXXHOE MECTO B COBPEMEHHOW MaTeMaTUKE M UMEET pa3HOOOpa3Hbie 00JacTh
npunoxenud. llIupokne NpUITOKEHHS HMEIOT TAKWE pas3Aeiibl TEOPUU ONTUMH3ALMM, KakK
MaTeMaTUYECKOEe MPOTPaMMHUPOBAHUE, TEOPUS ONTUMAIBHOTO YIPABICHHUS W MaTeMaTH4YecKas
TEOPUs IPUHITHUS ONTUMAJIBHBIX PELICHUH.

B Hacrosiee Bpemsi MaTeMaTU4eCKUE METObl ONMTHMH3AIMK OOJIBIION MPAKTUYECKHIA
MHTEPEC NMPEACTABIAIOT JJIsI MHOTMX HAYYHO-TEOPETHUYECKUX W NMPUKIAIHBIX UCCIEHOBAHUMN U3
pa3auuHbIX obnacTeil. MeTonaMu ONTHUMM3AIMKM BOCIOJB3YIOTCS MaTeMaTHUKHU, MEXaHHKH,
GU3NKHA, HWHXEHEPBI-KOHCTPYKTOPHI, Pa3padOTYMKH CHUCTEM aBTOMAaTHUYECKOTO YIIPAaBJICHHUS,
CIIEIUATIUCTBI  TI0 HCCIICIOBAHUSAM ONepanuii u  WH(POPMAIMOHHO-KOMMYHHUKAIIMOHHBIX
TEXHOJIOTHI1, ’)KOHOMHUCTBI U MHOTHE APYTUE CIENUATACTBI-NPUKIAAHUKI. METOIbI ONTUMHU3ALINT
pa3BHBAETCS B Pe3yJIbTaTe€ HAYYHBIX UCCIIEIOBAHUM, HATPABICHHBIX HA Pa3pEIICHUE aKTyaJbHbIX
po0JieM COBPEMEHHOUW SKOHOMHKH, TEXHUKH, IPOU3BOICTBA U YIIPABIICHHUSL.
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BakHbple ONTUMM3AIMOHHBIE MOAEIN BO3HUKAIOT IIPH HYKOHOMUYECKOM IIJIAHUPOBAaHUU U
MH)XCHEPHOTI'0 TPOEKTUPOBAHMUSI, B CACTEMHOM aHAJIU3€, B IIPOLECCAX YIPABICHUS U3 PA3IIMYHBIX
chep TeXxHUKH U Ipou3BojacTBa. Cpenbl 3TUX MoOJeNel OTAENbHBIM Kace COCTABIAIOT 3aladyd
ONTUMU3ALMHU C HEIrJaJKUMHU LeNeBbIMU (pyHKIMOHaIaMu. OJTHUM U3 IOJXO0/10B, IPUBOJUMBIX K
HErJaJKuM 3ajadaM ONTUMU3ALMM, SBJISETCS NPUHLMIIA MUHUMakca (MakCHMMHUHA) B 3ajadax
IPUHATHS pelieHusl. JJaHHbIM PUHIUI OCHOBAH HAa ONTUMH3ALMU KPUTEPUS KaueCTBA C YUYETOM
CaMbIX HEOJIArONpPUATHBIX pealu3aluii HEU3BECTHBIX MapameTpoB. [IpuMeHeHne MUHHMMakKca U
MaKCHMHHA COCTaBJSI€T OJHY MX OCHOBHBIX IMOJXOAOB IIPU pPa3peLIEHUH WUIPOBBIX 3a7ad B
YCIOBHUAX PUCKAa U B KOHQIMKTHBIX CHUTyalMsx. Bo3spociiee 3HaueHHe  MpoOJieM HpUHSATHS
pelIeHUsT B YCIOBMSX HEMOJIHOTHI MH(POPMALMM M HETOYHOCTH JaHHBIX IpUBEIU K
BO3HUKHOBEHUIO UM Pa3BUTHI0 MAaT€MaTUYECKUX METONOB HEINIAJKOW ONTHMHU3ALMHA U
MHOT'03HA4HOI'O aHAJIN3A.

OyHKIMM TUNIA MakCUMymMa M MHMHHMMYyMa COCTaBJISIIOT INMPOKUN KiacC HEMIaJKHUX
¢ynkuuii. CBoiicTBa (DyHKIMIA TAKWX THUIIOB 3aBUCHUT OT 33/IaHHBIX (DYHKIWH U OTrpaHUYEHU, Ha
0aze KOTOpBIX OHM omperenstorcs. Hermagkue QyHKIMM THIa MaKCUMyMa U MHHHUMyMa U UX
JMHENHbIE KOMOWHAINH OTHOCSTCS KJlaccam cyonuddepeHunpyembpIx u
kB3P GepeHIUPYEeMbIX QYHKIUH. MeTo T perieHus KaKI0W HeTIa KON 3aa9i ONTUMHU3AINN
CYLIECTBEHHO 3aBUCHUT OT CTPYKTYPHBIX CBOMCTB 3aJaHHON 11€JIeBOM (DYHKIIMU U OrpaHMYCHUH.
Crnenyer OTMETHUTh, YTO ONTHMH3ALUSA HEIVIAAKMX (DYHKLIHOHAIOB COCTAaBIIET BAaXKHBIA U
IMIMPOKUHI KJIace B 331a4ax yIpaBieHHUs aHcaMOJIeM TPaeKTOPUil TMHAMUYECKUX CUCTEM.

MatemaTuueckoe IPOrpaMMHUPOBAHUE, SBISIOLIEECS BaXXHBIM pa3leloOM TEOpUHU
AKCTPEMAJIBHBIX 3a1a4, Bo3HUKIA B 30-40 rozas! npouioro Beka. OHO HHTEHCUBHO Pa3BUBAETCS B
HAIpaBJIEHUSAX METOJOB JIMHEHHOTO, BBIIYKJIOIO, HEIUMHEHHOro, IEJIOUYUCIEHHOIO U
JUHAMHYECKOI0 MPOrpaMMHpOBaHus. MeToJlbl MaTeMAaTUYECKOTO MPOrPAMMUPOBAHMSI UMEIOT
IPUJIOKEHHUS BO BCEX OOJACTAX MCCIEN0BaHUM, CBA3aHHBIX C BOIpocaMu onTuMu3anuu. OHU
WUIpalOT BaXXHYIO pOJb B MCCIEAOBAaHUAX 3aJad MHOTOKPUTEPHUAJIbHOW ONTHUMU3ALINHY,
OKCTPEMAJIBHBIX 337ad C HWHTEPBAJIBHBIMH  HEOINPEAEIEHHOCTAMHU. B  MareMarmdyeckoM
OpOrpaMMHUPOBAaHUM 33/a4M  ONTHUMM3alMK  (YHKIMHA THUOAa MaKCUMyMa WM MHHHMYyMa
OTJIMYAIOTCS HETJIAJKOCThIO IEJEeBBbIX (QYHKUMH U CIO0XKHOCTBIO pa3pabOTKH ajlrOpUTMOB
peILIeHusI.

MATEPHUAJIBI U METO/bI

[Tycte R"— eBKJIMZOBO TPOCTPAHCTBO N -BEKTOPOB X = (X;, X, ..., X,) CO CKAISAPHBIM
n
npoussesienneM (Xy) = > Xy; 1 HopmMoit |X|=/(x,X) . B nanbHeiimem npu HCronB30BaHUH
i=1
BEKTOPHO-MATPHYHOI 3aMUCH Oy/IEM CYUTATh, YTO 3IEMEHTHl R"— CyTh BEKTOPBI-CTONOIIEI.
PaccMOTpUM KBaJPaTHYHYIO (yHKIHIO

f(x,u) :%(Ax,x)+(Bu,u)+(Cx,u), 1)

rae A— cUMMeTpHUYecKas MaTpulia pasmepa Nnxn, B— marpuma pasmepa mxm, C—
marpuna pasmepa mxn. Ilycte U — kommakTHoe, T.e. OrpaHMYEHHOE W 3aMKHYTOE

noamuoxectBo R™. Tns ¢pyukuuu (1) onpegenum GyHKImo MakcuMyma [12]
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o(X) = max f(x,u) = rpe%x[%(Ax, X) + (Bu,u) + (Cx,u)]. 2

3aga4y MUHUMU3AIMU QYHKIMU MakcuMyMma Bua (2) Ha 3aMKHyTOM MEOKecTBe Q  R"

, T.€. 33/1a4y HAXOXKJICHUS TOYKA X € (), yIOBJICTBOPSIOILYIO YCIOBHUIO
o(x") = ing o(X) = ing‘2 m%x[%(Ax, X) + (Bu,u) + (Cx,u)],

Ha30BeM MHMHHMMAKCHOW 3ajadell OonTHUMM3auuMu  KBaapatuyHou  ¢yHkmmm  (1).
[TocTaBneHHy0 3a1a4y ONTUMU3ALUK 0003HAUYNM TaK:

rpgjx[%(Ax,x)+(Bu,u)+(Cx,u)]—> min,x e Q. (3)

MunumakcHas 3aada Buja (3) OTHOCUTCS KJIAcCy HENPEPHIBHBIX MUHHUMAKCHBIX 3aJay
[12]. OcHoBHO#1 1eTBIO NAaHHOW pPaOOTHI  SBJISETCS BBHISICHEHHE YCJIOBUH ONTHMAIBHOCTH B
IIOCTaBJIEHHOW MMHHMMAKCHOM 3a/a4e. Pe3ysbTaTsl, IOJy4€HHBIE 10 YCIOBUSAM ONTHUMAIBHOCTH,
COCTaBJIAIIOT TEOPETHUECKYI0 0a3y Ui pa3paOOTKHM YMCIEHHBIX METOAOB peleHus 3aaauu (3).
Metoabl  HccieOBaHUS MMHHMMAKCHOW 3afaud (3) OCHOBBIBAIOTCS K OOIIEd Teopuu 3a1ad
ONTUMH3ALMY MAHUMAKCHOI'O THIIA ¥ TEOPUH HETNIAJIKOIO aHAJIN3A.

JIst m3ydeHus: MOCTaBICHHOM MHHHUMAaKCHOW 3anauyu (3) HaM HEOOXOIMMO HEKOTOphIe
CBOMCTBA PyHKINU MakcuMyma (2).

CeoiicTBo 1. Oynkuusa Makcumyma ¢(X) = m%x[%(Ax, X) + (Bu,u) + (Cx,u)]HenpepbiBHa

Ha R". Ecim 3mech mpu o6oM X € R" MakcHMyM JOCTHraercsi B €JMHCTBEHHOM TOYKE
u(x) eU , to pynkims U = u(x) Takxe HermpepbiBHa HA R".

B camom niene, kBagparuuHas QyHKIUS
f(x,u) = %(Ax, X) + (Bu,u) + (Cx,u)

HelpepbiBHA 1O COBOKYIMHOCTH mepeMeHHbix (X,u) Ha R"xR™— mexaproBom

npousBenernu npoctpanctd R" u R™. Tloatomy, Tak kak U — KOMIAkT, TO B CHITy H3BECTHOM
TeopeMbl Beiiepiurpacca W3 MareMaTHYeCKOTO aHAIN3a, T KaXI0i Toukn X € R" cymectByer
Touka U(X) € U , Takas, 9410

o(X) = max f(x,u) = f(x,u(x)).

Bo3bMeM mpou3BOJIBHYIO TOUKY X € R" ¥ IpOW3BOJIBHYIO MMOCTIEIOBATEIFHOCTH TOYCK
x* € R", cxomsamryrocs k X . ImeeM:
P(X) = f(Xu(X) 2 f(Xu(x)), p(x) = f(x,u(x)) > f(x*,u(x)).
CnenoBateibHO,
O u(x)) = f(X,u(X) < @(x*) = p(X) < f(x*,u(x))~ f(X,u(x")).
B cuny xommaktHoctH U m3 mocnmenosatensHocTH Touek U(X*) €U MokHO m3BIEub
cxomsmryrocst kK U €U moamociieoBaTeIbHOCTb, JUI KOTOPOH COXpaHUM MpexHee 0003HaYeHHEe

{u(x*)}, re. u(x*) > T npu k — 0. Teneps, mepexos k nmpejeny npu K — oo, U yuuTHIBas
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HenpephIBHOCTH QyHKiwu (1), U3 mociIeqHel LEeNoYKH HEPABEHCTB HOTy4uM, uto @(X*) — @(X)

, kK — 00, Urtak, pynkius MmakcuMmyMma (2) HelpepbIBHA B K10 Touke X € R".
Tenepb npeanoaoKuUM, 4TO MAKCUMYM B (2) TOCTUTAET B €IMHCTBEHHOM Touke U(X) € U

npu Bcex X € R", HO pyHKIus U = U(X) He sABJIAETCS HEMPEPBIBHON B HEKOTOPOH Touke X € R".
Torna, JUIsl HEKOTOPOH MOCIIEIOBATENBHOCTH Touek X< — X € R" mpesien mocnenoBaTe bHOCTH
u(x*) me pasma u(x), t.e. u(x*) >T=#u(X),k >oo. B cuny HenpepbBHOCTH (GYHKIHMH
makcumyMa @(x*) = @o(X) = f(X,u(X)),k =>co. C apyroif cTpaHel, B CuIly HeEIpPepbIBHOCTH
Gynxmuu kBagpatuunoit Qymkuum f(x,u), umeem @(x*) = f(x*,u(x*)) - f(X,0). Takum
obpazoM, ¢(X) = f(X,u(x))= f(X,U), U # Uu(X) . A 3TO IPOTUBOPEUUT TOMY, YTO MAKCHMYM B (2)
JIOCTUTAeTCS B CIUHCTBEHHOW TOouKe. I[lomydeHHOE MpOTHUBOpEYME IOKa3biBAET HEBEPHOCTH
HAIIIETO MPEIOJI0KCHUS U JIOKa3bIBACT HEMIPEPBIBHOCTh PYHKIMHU U = U(X), 3HAYCHUE KOTOPOU
npu Beex X € R" onpeiensiercst Kak eTMHCTBEHHAs TOYKA MakCUMyMa B (2).

CaoiicTBo 2. ITyctb matpuiia A 3uakomnonoxutenbHo (A>0), T.e. (AX,x)>0VvxeR".
Torma ¢yukuus mMakcumyma (2) sBasercs Bbimykiaod Ha R". B cimywae, korma marpuna A
nonoxurenabHo onpeneneHa (A >0), T.e. (Ax,x) >0Vx # 0, dyHKIHs MakcuMyMa OyIeT CTPOro
BBITYKJION Ha R".

B camom nene, ecnmm Marpuma A 3HAKOIOJIOXHTEIHHO, TO COTJACHO pe3yJbTaTaMm
BBIMYKJIOTO aHanuza [2,3], kBagpatuyHas QyHkuus (1) sBIsSeTCS BBIMYKIOW MO MEPEeMEHHOMN
x € R" mpu kaxaom dukcupoBannom U € R™, T.e. juis mo6oro X € R",y € R" v mpou3BosbHOTO
gucia « € [0,1] cipaBeyIMBO HEPABEHCTBO

f(ax+(L—a)y,u) <af (X,u)+(1—a)f(y,u).

Torna nmeem:
max f (ex+(L—a)y,u) <amax f(x,u) +(@—a)max f(y,u).
ueU uel uel

A 310 03Hayaer, 4o QyHKIMs Makcumyma (2) Beimykia Ha R". V3 aTux paccyxaeHuil
JIETKO CJIEYET, YTO €CJIM MaTpHIA MOJ0XKUTEIBHO ONpesieeHa, TO GyHKIMS MakcCuMyMa OyeT
TaK)K€ CTPOT'O BBITYKJIOH.

IIpuBeneHHble cBoOWCTBA (PYHKIMM MaKCMMyMa IOKa3blBalOT, YTO JUISL BBIMYKJIOH
KBaJpaTU4YHOM (yHKumMU Buaa (1) omepanuss MakCUMyMa COXpaHsSeT He TOJbKO ee
HENPEPBIBHOCTH, HO U BBIMYKJIOCTh. O1HAKO, pu nepexoie K (GyHKIUN MakcuMyma (2) Tepsercs
TJIAJKOCTh KBaIpaTHIHOU pyHKIWH (1), T.€. muddepeHImpyeMocTs He HIMEET MECTO B HEKOTOPBIX
TOUYKax €€ 00JIaCTH ONpeIeIEeHusl.

PE3YJIBTATHI

[TpuBeneM pe3ynbTaThl HCCIAEAOBAHUS MUHUMAKCHOM 3a1aun (3).

Teopema 1. ITycts marpuma A monokutenbHo ompenaenena (A>0). Torma pemienue
MHHUMAKCHOI 3a1aut (3) CYIIECTBYET U €MHCTBEHHO.

Joka3zarenbcTBo. B camoM zaene, ecnu matpuna A MOJOXKHUTENBHO ONPEEIeHa, TO

1 1 o .
f(x,u) = E(AX’ X) + (Bu,u) + (Cx,u) > m§||x||2 =[x rpebn”C uf| + min(Bu,u),
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rae m= min(Ax, X) > 0. 13 storo HepaBeHcTBa ciemyer, 4to ¢@(X) = max f(x,u) — o
X|=1 uel

pu ||X|| — . Toraa, u3 3TOro CBOMCTBa (PyHKUIUU MAKCUMyMa JIETKO MOJIY4YHUTh, YTO MHOKECTBO

ypoBHa L(x°) ={x € Q:¢(x) < ¢(x°)} memycro u orpanudeno npu modom X° € Q. A B cuiy
HENPEPHIBHOCTY (DYHKIMM MaKCHMyMa W 3aMKHYTOCTH MHOxkectBa Qc R" momyunm, uro
MHOkecTBO ypoBHA L(x°) 3amxmyTo. UTak, B cuimy TeopeMsl BeliepmTpacca o JHOCTHKEHUH
HUOKHEH IPaHyu HENPEPHIBHON (QYHKIMM Ha KOMIIAKTE, CYIECTBYeT Touka X e L(x°), Takas, 4o

o(x*) = in(f)(p(x). ScHo, 4rO @(X') = in(f)go(x):inggo(x), T.e. (YHKIUS MaKCHUMyMa
xeL (x° xeL (x° xe

JOCTUTaeT HIKHIOK IPAHUIYy Ha MHOXKECTBE (2. A €IMHCTBEHHOCTh TOYKM MHUHHMMYyMa CIIE1yeT
U3 CBOMCTBa CTPOroi BBIMYKIOCTH (YHKIMM MakcuMyMma (2) mpu YCIOBHH MOJOKUTEIHHON
OIpeIeNIEHHOCTH MaTpULbl A .

Takum o00pa3oMm, T0Ka3aHO, YTO €CIM MaTpuia A TIOJIOXKHTEIBHO ONpE/AeieHa, TO
pelieHre MUHUMAKCHOM 3a1auu (3) CyIIeCTBYET U €JUHCTBEHHO.

Ham crnenyromuii mar B M3y4eHMM MMHHMMAKCHOM 3anaud (3) sBIsS€TCS BBIICHEHHE
QG epeHIMpyeMOCTH TI0 HampaBieHuo (yHKIuM Makcumyma (2). Eciam ydecTh CBOHCTBO
BBIIYKJIOCTH (YHKIHMH Makcumyma (2), TO COIJIaCHO pe3yJjbTaTaM BbINYKJIOro aHamusa [2,13]
TuQepeHIMpyeMOoCTh 110 HapaBIeHUAM Takol (GyHKIuM rapantupoBaHa. Ho it Hac BaxHee
BUJI TPOM3BOIHOM 10 HANPABJICHUIO, TOYHEE TOBOPS, (hOpMyJia € BEIYUCICHHUS.

Jlist pukcupoBaHHOM TOukd X € R" paccMOTpuM MHOKECTBO:

Z(X)={ueU: f(x,u)= max f(x,v)},

rae f(x,u)— ectb kBagpatuunas Gpynkuus Buna (1), T.e.
1
f(x,u) = E(AX’ X) + (Bu,u) + (Cx, u).
[TpuBeneM nBe BCIIOMOTATEIILHBIC PE3YJIBTATHI, KOTOPBIC CIACAYIOT U3 PE3yJIbTaTOB PadoT

[12,13].

Jlemma 1. Jlnascex xeR", geR", ||g|| =1 copaBeasiuBO COOTHOLIEHUE

lim max minfu-v|=0.
a—>+0ueZ (x+ag) veZ (X)

Jlemma 2. Jlns Bcex X € R" pasromeprono g € R", ||g| =1 cnpaBenmso coorrnomenue

lim{ max)(Ax+C’u, g)— mza}x)(Ax+C’u)}: 0,

a—>+0 ueP(x.a

rae P(X,a,9) =Z(x+ag)UZ(x).

Ipoussoasoii no Hanpasiernio g €R", |g|=1 dynkumn @(x) B Touke X° R
Ha3bIBAETCS KOHCUHBIH Mpees

09(X°) _ iy @ +09) + p(x°)
ag a—0+ o

Teopema 2. dynkius mMakcumyma @(X) Buga (2) uMeeT B Kaxaoi Touke Xe R"

IPOM3BOJIHYO 110 JTIF000MY Hampasienuto g € R", ||g|| =1, npuyem crnpaBeannBa Gopmyna:
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o9(x) = max (Ax+C'u,g). ()]
ag ueZ(x)
Joka3zareabcTBo. [ kBagpatuyaoit pyHkimu (1) numeem:

f(x+ag,u):%(Ax+aAg,x+ag)+(Bu,u)+(Cx+an,u)= f(x,u)+

+a(Ax,9)+a(C'u,g) +a? %(Ag, 9).

Orcrona u u3 onpenencaus Muoxects Z(X) u P(X,a,9) = Z(X+ag) U Z(X) cnemyer, 9yto

maxf(x+ag uy= max f(x+eog,u)< max f(x+eog,u)< max f(x,u)+
ueZ (x+ag) ueP(x,a,9) ueP(x,«,9)

+a Lr(1ax (AXx+C'u,g) +a’ —(Ag g). (5)
ueP(x,a,9)
1
[Monoxkum f(a)=a” = ||Ag|| Tak kak max f(xu)= maxf(x u), to u3 (5)

2 H |=1 ueP(x,2.,9)

CJICAYyCT HCPABCHCTBO

maxf(x+ag u)— maxf(x U <a g(wax (Ax+C'u,g)+u,9) + B(x) .
ueP(x,a,9)

Ternepb, y4uThIBast JeMMY 2, W3 ITOCICIHETO HEPABEHCTBA MTOTYYUM
o(X+ag) —p(X) < amza}x)(AX+C’u,g)+0(a), (6)
rae 0(a) >0 u o(a)/ ¢ - 0 mpu ¢ — 0 +.

C npyroit CTOpOHBI

max f (x +ag,u) = max[ f (x,u) + a(Ax + C'u, g)] - a? EH Hl” Ag| >
>max[f(x u)+a(Ax+C'u,9)]-«a % 1ax || g||—maxf(x u)+amax(Ax+Cu 0) - B(a)

Ortcrona ciexyer HepaBEHCTBO
¢(x+ag) —¢(X) = a max(Ax + C'u,g) ~o(a). ()

O6benunss (6) u (7), noayuyum
a max(Ax+C u,g)-o(a@) < p(Xx+ag) - o(X) < a max(Ax+C u,g)+o(a). (8)

ueZ(x)

CrnenoBareinHO,
0P(X) _ |im £*+a9) + ¢(X) _ max(Ax+C'u,g),
ag a—0+ a ueZ(x)

T.e. mpomsBoxHble mo HampaenenusM g € R", [g|=1, cymecrsyer u cnpasemmisa

dopmyna (4). Teopema gokazana.
W3 noxazanHoit ¢opmynsl (4) u HepaBeHcTBa (8) cienyer Qopmyna s (QyHKIUU
Makcumyma (2):

+0() .

i+ ag) = ) + 22X
g
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Mpumep 1. [Tycts kBaaparnunas Gyakiws (1) maHa co CIeIyIOMUMH JaHHBIMH:

00
N=2 m=1x=(x,X,), A:(O 2}’ B=1, C=(30),

te. f(xu)=x2+3xU+u’, ueU =[-11]. PaccmoTpum QyHKIMIO MAKCHMYMa
¢(x) = max f (x,u) = rr[1al>§](x§ +3%,U+U%) = X; +3x|+1.
uel ue[-1,
s atoii pyrkmu MmHOXkecTBO Z(X) ={u eU : f(X,u) = max f (x,v)}umeer Bun:
Vel
Lecu x, >0
Z(x)=9-Lecm x, <0
{11}, ecu x, =0

B cuny (4) s pyHKIME MakcuMyMa B JaHHOM IIpUMeEpe IPOU3BOIHAS 110 HANIPABJICHHIO
g =(9,,9,) BbIUKCHAETCA 11O HOpMYyJIE:

0 0 3
99(x) _ max (Ax + C'u, g) = max 1 ] 2] = max@ug, +2%,9,) =
ag uez(x) uezx( L0 2 X, 0 g ueZ(x)

2

_sign(x,),ecmu x; #0
B {11}, ecuu x, =0.

39,sign(x,) + 2x,9,, ecmu X, #0
- {3|gl| +2X,9,, ecmu X,;=0.
Hanpumep, mis Touek X° = (L1) u x* = (0,1) umeem:
29(<")
9

Tenepb HU3Yy4YUM HCO6XO)II/IMBIG M JO0CTATOYHLIC YCJIOBUS OINITUMAJIBHOCTHU B MHUHHUMAaKCHOU
3amaue (3).

= 3gls|gn(xf) + 2X(2)g2 = 391 + 292 , ago(x )

:3|gl|+292'

OnpeneniM MHOKECTBO
I'(x)={veR":v=A(g—x"),4>0,9 € Q},
rae X' — pukcupoBanHas Touka U3 Q. MuoxkectBo ['(X") sABIIsieTCS BBITYKIIBIM KOHYCOM,
T.e. qua Beex Vel (X),weTl(X")m Bcex A1>0 mmeer mecro Bkmouenus AVel(X') wu
V+weTl(x"). Bampikanme I'(X") wmuoxectBa I'(X") HasbiBaeTcs KOHYCOM BO3MOXKHBIX

HalpaBlICHUH MHOXKeCcTBa B Touke X €Q. Hampumep, mycte Q={x=(X;,X,) :|X1| <L,

x"=12)eQ. Tormal'(x*) =T(x") ={v=(v,,v,):v, <0}. Ecnu X" eintQ, TO
r(x")=C(x")=R".
Teopema 3. [lnst Toro 4to0bl, Touka X € Q ObLia perieHueM MUHUMAKCHOM 3amaun (3)

HE0OX0ANMO, a B CITydae 3HAKOIIOJIOKUTEIbHOCTH MATPUIIBI A TakXKe U JOCTaTOYHO, BBITTIOJIHCHNE
HEpaBEHCTBA

inf max (Ax"+C'u,g)=>0. 9)

gel (x")g]=1uez (x*)
Joka3zareabcTBO. B crity pesynbraroB Hernankon omruMusanud [13], mis Toro 4To0Obt
Touka X € ObUTa TOYKOW MHUHUMYMa QYHKIHMH ¢(X) HEOOXOIMMO, a B CIy94ae BBIMYKIOCTH

@(X) TaxKe M IOCTATOYHO BBIITOJIHCHNE HEPABEHCTBA
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9p(X) o (10)
gefCNglt 8y

B cuny teopemsl 2 cootHomenue (10) npunumaer Bup (9). Teopema nokaszana.
IIpumep 2. PaccmoTpum kBaapatuyyto ¢pyHkunuio (1), B KOTopoit

1 — 1 0 01
n=m=2,,x=(x1,X2),U=(U11U2)A:(_l 1)’82(0 _J’Cz(l OJ’

1
Te. f(xu)= E(Xl = X,)? +U —Ug + XUy + XUy, UeU ={v=(v,,V,) 1V, =V, |v,| <1},

Jnst 970l (yHKIIMM  pacCMOTPUM 3aJady MHUHUMH3AIMH (DYHKIMM MakcUMyMa Ha
MHO)kecTBe Q ={X:1<X, <X}, T.e. MUHUMaKCHYO 3a/1auy:

1 .
maxz[(xl—xz)z+u12—u§+x2u1+x1u2]—>m|n,XGQ. (11)
ueU

Haiinem ananutnyeckuii Bua (yHKIMHM MakCUMyMa B HalleM npumepe. Mmeem:

1 2 2 2
o(X) = runE%X f(x,u) = rpe%x[i (X, = X%,)" + Uy —Uy + XU + XU, ] =
1 2 2 2 1 2
== (X, — X,)" + maxfu; —u; + X,u; + XU,]==(X; —X,)° +max(x, + X,)u, =
2 ueu 2 |uy <1

- E(xl = %,)% X, + X,
MuoxectBo Z(X)={ueU : f(x,u) = max f (x,v)} umeer cienyrommii BUI:
Vel

U, =u, =lecm X, + X, >0
Z(X)=4qu, =U, =-1, eciut X, +X, <0
U, eciu X, +X,=0.

0 o
CHayvaia IpOBEPUM YCIIOBHE ONTUMAIBHOCTH 1y Touku X = (2,1) € Q. Jlns o10it Touku

Z(x*)={u, =1.u, =1} u xonyc Bo3moxubIx Hanpasmernii I (X°)={v=(v,,v,)eR*:v, >0}.
[IpoBepum BeInonHEeHHE ycnoBus (9):
inf  max (Ax° +C'u,g) = inf max {(xf —XJ +U,)g, + (X3 — X%, +u1)gz)}:

gel (x")|g|=1uez (x*) 9,20, [g[=1uez (x°)

= inf g,=-1<0.

9,20, g1
HOCKOJ’IBKy HeO6XOI[I/IM06 y'CJ'IOBI/Ie OIITUMAJIBHOCTH HEC BBIINOJJHACTCA, TO TOYKa

x° = (2,1) € Q ne sBsiercs pemennem 3agaqn (11).
Teneps paccmorpum Touky X' =(L1) € Q. Jlna sroit Toukn Z(x*)={u, =1.u, =1},
r(x")={v=(v,v,)eR*:0<v, <v,}. IIpoBepnm BhIrONHEeHHE YcaoBHs (9). MMeem:

inf max (Ax* +C'u,g) = in X, — X, +U +(X; —X"+u =
ger<x>ugu—1uez<x>( 9)= o<gz<gluguluez<x>{ 2 TU2) 0y + (G =X 1)92)}

= (gl+gz)>mf 292 >0.

0<gz<g HgH -1

1

Ycnosue (9) BeimonHsgercsa. Marpuna A = ( 1 J 3HAKOIIOJI0KUTEIIBHO, T.€.
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(AX,X) = (X, —X,)* >0. Wrak, cormacHo Teopeme 3 Touka X =(L1)eQ sBnsercs
pelieHrneM MUHUMAaKCHOM 3axaun (11).

3ameuanne 1. Tak Kak MHOMKECTBO {g 19 el (x")|g =1}3aMKHyT0 ¥ OrPaHH4€eHO, TO
ToyHass HWkHsA Tpanuna(inf) B snesoit wactu (9) mocTuraercs, ¥ MOITOMY HEOOXOIUMOE U

JIOCTAaTOYHOE YCJIOBUE ONTUMAIIBHOCTH B MUHMUMAaKCHOM 3a71a4e (3) MOXKHO 3alucaTh B BUJE:
min  max (Ax" +C'u,g) >0. (12)

gel(x"),)|g]l=luez (x*)
Cnenacreue 1. Eciu Q=R", T0o KOHYC BO3MOXHBIX HAIpPaBJICHHH B KaXKIOM TOUKE
X" € Q cosmanaer ¢ npocrpanctsoM R", T.e. T'(x") = R". Ilostomy, B 1aHHOM Clly4yae yCJIOBUE

onTUManbHOCTH (12) mIpUMET BU:
min max (Ax* +C'u,g) > 0. (13)

lgl=L uez (x*)
CaencrBue 2. [Tycte X" € Q= R" u cymecTByer Touka u” e Z(x"), rakas, 4ro
2AX" +C'u" =0. Torma, ecnmu MaTpuma A— 3HAKOIMOJOKHTEIBHO, TO X — SBIISETCS

pelieHneM MUHUMAaKCHOM 3aaa4i (3).
B camowm gene, nmeem:

min max (Ax" +C'u,g) = max min(Ax* +C'u,g) =— min
lo=1 uez (x*) uez(x’) |l uez (x")

AX" + C’u” . (14)

Crie10BaTeNbHO, €CIU CylIeCTBYeT Touka U™ € Z(X"), Takas, uto AX" +C'U” =0, 0 u3
(14) cnenyer (13), xoropoe B ciy4yae 3HAKOMNOJOXKUTEIBHOCTH MATpHUIBl A  sBIsSETCS
JI0CTaTOYHBIM YCIOBHEM ONITUMAILHOCTH TOYKH X B MUHUMakcHOU 3amaue (3) mpu Q =R".

3ameuanue 2. Vcnone3ys pesynbTathl pador [12], MOXHO MOKa3aTh, 4TO YCJIOBHE
ONTUMAJILHOCTH (9) AJ11 MUHUMaKCHOM 3a1a4H (3), SKBUBAJICHTHO CJEIYIOLIEMY YCIOBHIO:

min  max (Ax* +C'u,q—x")=0.

qu,Hq—x* <lueZ(x")

OBCYXJIEHUE
B pabote uccnenoBana HenmpepbiBHAass MUHUMAaKCHAas 3a1a4a (3), moHuMaeMas Kak 3ajgada

MUHUMH3AaIUU (QYyHKIMA MakcuMyma Buna (2). XapakTepHas OCOOCHHOCTh JAHHOH 3ajadu
3aKJIF0YAETCsl B TOM 4YTO, TpeOyeTcss ONTUMM3MPOBAThH HEraiKyko (GyHKIHIO (2), 00pa3oBaHHYIO
C TIOMOIIBIO OTIEpallii MaKcuMyMma 1o aprymenty U € U kBaaparmunoit ¢pynkuuu (1). Cremyer
OTMETUTh, YTO KBaJpaTU4Hble (YHKIHMHU 00Jalal0T CBOMCTBAMHU, BAKHBIMH JUIS  BBITYKJIOTO
aHaJM3a U MMEIOT HIMPOKHUE MPHIIOKEHUS K 3aJadyaM ONTHMH3AIMU B CaMOW MaTeMaTUKe W
MHOTUM JAPYTUM MPUKIATHBIM 33/]a4aM SKOHOMHUKH ¥ TEXHHUKH.

B pabore moka3zaHo, 4YTo I MHHHMakCHOW 3amaun (3) CyIIECTBEHHBI CBOWMCTBA
BBIITYKJIOCTH, HETIPEPHIBHOCTU U TU(PPepeHInpyEeMOCTH 110 HallpaBJIeHUAM (YHKIUU MaKCUMyMa
(2). Hcnonb3yss CBOMCTB (YHKIMM MaKCUMyMa, MOJYYEeHbl TEOPEMbI CYIICCTBOBAHUS W
€IMHCTBEHHOCTH pemIieHus 3amaud (3), a Takke HEOOXOAUMBIE W JOCTAaTOYHBIE YCIOBHS
ONTUMAIILHOCTH. OTH pe3yibTaThl MPEICTABISAIOT HMHTEpEC A pa3pabOTKU YUCIEHHOTO
METO/a, OCHOBAaHHOI'O HAa IIOCTPOEHHs HAalpaBlieHUs] HaMCKOpEeWHiero cmycka (yHKIUN
MaKCUMyMa.

Kak cnenyert u3 pe3yabTaToB o0I1el TEOPUH HETIAIKUX 33124 ONTUMHU3AIMY U TEHICHIIUI
€€ pa3BUTHSA, M3yUYEHHE OTAEIbHBIX KJIACCOB MHMHHMMAKCHBIX 3aJad MpPEACTaBIsSeT OObIION
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MHTEPEC C TOYKHU 3pPEHMS IOJNyYEHUs TAaKMX PE3yJIbTaTOB, KOTOPBIC BAXKHBI JJISI YHMCIIEHHBIX
METOMOB pELEHUs M pa3pabOTKU BBIYUCIMTENBHBIX aAITOPUTMOB. Pe3ynbTaTel JaHHOTO
MCCJICOBAHMSI TAK)KE MTOATBEP)KIAI0T ATH BBICKA3bIBAHUS.
BbIBO/IbI
B pabore m3ydyeHa MuHMMakcHas 3amada (3) ans Kjacca KBaApaTHYHBIX (YHKIMH.
OTtnenpHOE BHUMaHUE OOpalieHo cBoicTBaM (yHKIMU MakcumyMma BHIA (2). OCHOBBIBasCh Ha
CBOMCTBA (PYHKIIMM MAaKCUMyMa, YKa3aHbI yCJIOBHS CYIIECTBOBAHUS M €IMHCTBEHHOCTH PELICHUS
MUHHMAaKCHOM 3a7auu. JlaHel HEOOXOIMMBIE U JIOCTATOYHBIC YCIOBHS ONTUMAIBHOCTH, a TAKXKe
BBIBE/ICHBI COOTBETCTBYIOLUE CJEACTBUS U IPUBEIEHBI IPUMEPHl IPUMEHEHUS IOJYyYEHHBIX
pEe3yJIbTaTOB.
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