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ON THE CONTINUOUS MINIMAX PROBLEM FOR CLASS QUADRATIC
FUNCTIONS

Abstract. In the paper we consider continuous minimax problem for class quadratic
functions. In the nonsmooth optimization problem some properties of maximum function are
studied. The conditions for existence and uniquely of solution are obtained. The necessary and
sufficient conditions of optimality are researched.
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BBEJIEHUE

3amaud Ha OTBHICKAHWE MAKCMMyMa U MHUHHUMYyMa, T.€. HauOOJNBIIMX W HAUMEHBIIUX
3HAYEHUI NEPEMEHHBIX BEJIIMYMH, BOSHUKAIOT BCIOAY, I/I€ CIEAYET ONpPEAeNUTh HAWIY4ILIEero,
COBEPILEHHOI0, WJIH, KaK TOBOPAT, ONTUMAJIBHOTO pEHIEHUS MO HEKOTOPOMY KPUTEPHUIO U3
MHOKECTBA BO3MOKHBIX BapuaHTOB. VX Ha3bIBalOT 3KCTpPEMaJIbHBIMU 33Ja4aMH WM 3a/ladyaMu
ONTUMM3AIMH. B CTAaHOBIEHUU U PAa3BUTUU TEOPHUH ONTUMHU3ALMU OCHOBOIOJIATAIOIIMMH ObLIH
3a/1aud, UJIEM M METOJAbl TaKuMX BeNukux yueHbix, kak M.Kemnep, Il.depma, X. I'roiirenc,
W.Hetoron, U.bepnynnu, XK. Jlarpanx, JI. Ditnep, K.Beliepitpace u np. Teopust skcTpemanibHbIX
3a/1a4 3aHUMaeT BaXXHOE MECTO B COBPEMEHHOW MaTeMaTHKE M UMEET Pa3HOOOpa3Hbie 00JacTH
npuioxenus. [lupokne NPHIOKEHUS HMEIOT TaKWe pa3feibl TEOPUM ONTHUMHU3AIMH, KaK
MaTeMaTU4YeCKoe MPOTPaMMHUPOBAHUE, TEOPUsI ONTUMAIBHOTO YIPaBICHUS M MaTeMaTHYecKas
TEOpUs IPUHITHUS ONTUMAJIbHBIX PEIIECHUH.

B HacTosiiiee Bpemsi MaTeMaTU4eCKUE METObl ONMTHMH3AIMK OOJIBIION MPAKTUYECKHIA
MHTEPEC MPEACTABISIIOT I MHOTUX HAyYHO-TEOPETUUYECKUX U MPUKIAIHBIX UCCIEI0BAHUN U3
pa3iauuHbIX obnacTeil. MeTonaMu ONTHUMM3AIMKM BOCIOJB3YIOTCSA MAaTeMaTHUKHU, MEXaHHKH,
GU3NKHA, HWHXEHEPBI-KOHCTPYKTOPHI, Pa3pabOTYMKH CHUCTEM aBTOMAaTHYECKOTO YIIPABJICHHUS,
CMIENUATIUCTBI  TI0 WCCIEMOBAHUAM ONepanmuii u  WH()OPMAIMOHHO-KOMMYHHUKAITMOHHBIX
TEXHOJIOTHH, DJKOHOMHCTBI M MHOTHE JPYIrU€ CHEIUATUCTBI-IPUKIATHUKH. MeTo bl
ONTUMHU3AIMKN PA3BUBACTCS B PpE3yJbTaTe HAYYHBIX WCCICIOBAaHWN, HAMpaBJIEHHBIX Ha
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paspelleHne AaKTyaJlbHBIX IPOOJIEM COBPEMEHHONW 3KOHOMMKM, TEXHHKH, IPOU3BOJICTBA U
yIIPaBICHHUS.

BaknHple ONTUMH3ALMOHHBIE MOJEIN BO3HUKAIOT IIPU YKOHOMUYECKOM IIJIAHUPOBAaHUU U
WH)XXCHEPHOIO IIPOEKTHPOBAHMs, B CHCTEMHOM aHajau3e, B IpoLeccax YIPaBJICHUA U3
pa3nuuHbIX chep TeXHUKM H mpou3BoacTBa. Cpeabl STHUX MoOJeNed OTAEIbHBIM Kilacc
COCTABIJIAIOT 33J]aud ONTHUMH3AIMU C HETJAJAKHUMH [eNeBbIMUA (yHKIHOHAIaMU. OIHUM U3
IOJIXOJI0B, IPUBOJUMBIX K HETVIAJKUM 3aJadaM ONTHUMM3ALUU, SBJISETCS MPUHIMIIA MUHUMAKCa
(MakcUMMHA) B 3ajayax NPUHATHS pelieHus. JlaHHBIM NPUHLMII OCHOBAaH Ha ONTUMHU3ALUU
KPUTEPHsI KAa4eCTBa C yYETOM CaMbIX HEOJIArONpUsATHBIX pean3aliii HEM3BECTHBIX apaMETPOB.
[IpumeHeHHEe MUHMMakca M MAaKCUMHMHA COCTABJIAET OJHY MX OCHOBHBIX IIOAXOIOB IIpU
paspelIeHny WUIPOBBIX 3a7lady B YCIOBHUAX pHCKa M B KOHQUIMKTHBIX cuUTyanusx. Bospocuiee
3HayeHue NpoOsIeM MPUHATUS PELICHUS B YCIOBUAX HEMOJHOTH MH(MOPMAIMU U HETOYHOCTH
JAHHBIX TIPUBEIM K BO3HMKHOBCHHMIO M PAa3BUTHI0 MaTEMAaTHYECKUX METOLOB HEIVIaIKON
ONTUMM3ALMU U MHOTO3HAUYHOTO aHAJIU3A.

OyHKIMM TUNIA MakKCUMyMa U MHUHHMMYyMa COCTAaBJISIIOT IIMPOKUI Kiacc HEIJIaKuX
¢ynkuunii. CBoiicTBa (QYHKIMIA TAKUX THUIIOB 3aBUCHUT OT 33/IaHHBIX (D)YHKUIWH M OTrpaHUYCHU, Ha
0a3e KOTOpBIX OHM omperensorcs. Hermagkue GyHKIMM THNa MaKCUMyMa U MUHHEMyMa ¥ UX
JIMHEHbIE KOMOUHaIUU OTHOCSTCS KJ1accam cyonupdepeHuupyemMbIx u
kBasuaupepeHIUpyeMblx  (GyHKIMA. MeToa  pemieHus  KaxIoM  HeryaAkoW — 3aj1adu
ONTUMU3ALMH CYLIECTBEHHO 3aBUCUT OT CTPYKTYPHBIX CBOWCTB 33/JaHHON IesIeBOM QyHKIMM U
orpannyeHuii. Crenyer OTMETHTb, YTO ONTHMHU3ALUSA HETNMaJKuX (DYHKIIMOHAJIOB COCTaBIISIET
BaXHBIH W HIMPOKUHM Kjacc B 3ajJayax YOpPaBJIEHUs aHCaMOJEeM TpPAaeKTOpPUH TUHAMHYECKHX
CHUCTEM.

Matematuueckoe NpOrpaMMHUpPOBAHUE, SBISIOLIEECS BaXXHBIM pazlielioM TEOpUHU
SKCTpEeMaJIbHBIX 3a/1a4, Bo3HUKIA B 30-40 roas! mpomnuioro Beka. OHO HHTEHCUBHO Pa3BUBACTCSA
B HaIlpaBJICHUAX METOJOB JIMHEWHOIO, BBIMYKJIOr0, HEIWHEHHOrO, LEJIOYUCIEHHOTO |
JUHAMHYECKOr0 MpOrpaMMHpOBaHusA. MeTollbl MaTeMAaTUYECKOTO MPOTrPAMMHUPOBAHMSI UMEIOT
NPUIIOKEHUS BO BCeX OOJIACTSX MCCIEOBAHUM, CBI3aHHBIX C BOIIpocaMH onTumuszanuu. OHHU
UIpalOT BaXHYK0 pOJIb B MCCIEAOBAaHUAX 3aJad MHOTOKPUTEpHUAJIbHOW ONTHUMU3ALINHY,
OKCTPEMAJIBHBIX 3a7ad C HWHTEPBAJIBHBIMH  HEOINPEAEIEHHOCTAMU. B MareMarmdyeckoM
IPOrpaMMHUPOBAHUU 33JaYd  ONTHUMM3aUUU  (QYHKIMN TUIA MakCUMyMma WIM MHHMMYyMa
OTJIMYAIOTCSl HETJIQJKOCThIO LENeBBbIX (YHKIUH U CIOKHOCTbIO pa3pabOTKU ajIropuTMOB
pelieHus.

MATEPHUAJIBI U METO/bI

[Tycte R"— eBKJIMIOBO TPOCTPAHCTBO N -BEKTOPOB X = (X, X,,...,X,) CO CKAISIPHBIM
n
npoussesienneM (Xy) = > XY,  HopmMoit |X|=+/(x,X) . B nanbHeiimem mnpu HCronb30BaHUH
i=1
BEKTOPHO-MATPUYHOM 3a1icH Oy/IeM CUHMTATh, YTO SJIEMEHTH R"— CyTh BEKTOPBI-CTONOIIBL.

Paccmotpum kBaapatnuuHyro (yHKITHIO

f(x,u) = %(Ax, X) + (Bu,u) + (Cx,u), 1)
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rae A— cUMMeTpHYecKas MaTpulia pasMepa nNxn, B— marpuma pasmepa mxm, C—
matpunia pasmepa mxn. Ilycte U — xommakTHOe, T.e. OrpaHHYCHHOE U 3aMKHYTOE

noamuoxectBo R™ . st pyukuuu (1) onpenenum GyHKiumio Mmakcumyma [12]
P(X) = max £ (x,u) = maxl> (A X)-+ (Bu, ) + (Cx,u)]. 0

3ajayy MUHUMH3AaUUMU (QYHKIMM MakcuMyma BuAa (2) Ha 3aMKHYTOM MHOXECTBE

Q c R", 1.e. 3a1a4y HaXOXkKIECHUA TOUKH X~ € ), YIOBIETBOPAIOLIYIO YCIOBHIO
o(xX") = in}‘2 o(X) = in}‘2 mabx[%(Ax, X) + (Bu,u) + (Cx,u)],

Ha30BeM MHMHHMMAKCHOW 3ajadell ONTHUMM3auuMu  KBaapatuyHou ¢yHkmmm  (1).
[TocTaBnennyto 3a1ayy ONTUMHU3AIMN 0003HAUNUM TaK:

rpix[%(Ax, X) + (B, ) + (Cx, u)] — min, x € Q. 3)

MunumakcHasi 3a1a4a Buaa (3) OTHOCUTCS KIIAcCy HENPEPHIBHBIX MUHHUMAKCHBIX 3aad
[12]. OcHoBHO# 1i€7bIO MAaHHOW pPabOTHI SABJISAETCS BBHISICHEHHE YCJIOBUH ONTHMAIBHOCTH B
[IOCTaBJIEHHOW MMHMMAKCHOM 3aj1aue. Pe3ynbTaThl, OJyY€HHBIE 0 YCIOBUSM ONTHUMAJIBHOCTH,
COCTaBIISIIOT TEOPETUUYCCKYIO 0a3y I pa3paOOTKH YHCICHHBIX METOJIOB pelneHus 3amaadu (3).
Mertoasl uccneqoBaHUST MUHHUMAaKCHOM 3anayu (3) OCHOBBIBAIOTCA K OOIIEH Teopuw 3ajad
ONTUMM3AILMY MUHUMAKCHOI'O THIIa U TEOPUH HETJIAJIKOI0 aHAJIN3a.

Jliia u3ydyeHus MOCTABICHHONM MHHMMAKCHOW 3amadd (3) HaM HEoOXOJUMO HEKOTOphIe
CBOMCTBA (PYHKIIUU MakcuMyMma (2).

CaoiicTBo 1. Dynknma Makcumyma ¢(Xx) = m%x[%(Ax, X) + (Bu,u) + (Cx,u)]HenpepbiBHA

Ha R". Ecim 3xeck npu mobom X € R" MakcuMyM JOCTHTaeTcsi B €IMHCTBEHHOM TOUYKE
u(x) eUU, to pyakuus U = U(X) Taxxe HempepbiBHa Ha R".

B camowm nene, kBaapatuyHasi pyHKIHMS
f(x,u) = %(Ax, X) + (Bu,u) + (Cx,u)

HENpephIBHA [0 COBOKYNHOCTH TepeMeHHBIX (X,u) mHa R"xR"— ngekaproBom

npoussenenun npocrpanctd R" u R™. Toaromy, Tak kak U — KOMIIAKT, TO B CHIIy M3BECTHOM
TeopeMbl Beliepiurpacca M3 MareMaTHYeCKOrO aHalU3a, s Kax10i Toukn X € R" cymectByer
touka U(X) € U, takas, uto

o(X) = max f(x,u) = f(x,u(x)).

Bo3bMeM 1pon3BoJIbHYI0 TOYKy X € R" ¥ IpPOM3BOJIBHYIO MOCIEN0BATENLHOCTE TOYEK
x“ eR", cxomsuryrocs k X . Umeem:
p(X) = F(X,u(x)) > f(X,u(x")), p(x*)=f(x,u(x*) > f(x*,u(x).
CrnenoBaTenbHO,
O u(x)) = f (X u(X) < o(x*) = p(X) < f(x*,u(x")) - f(X,u(x")).
B cuny xommaktHoctn U u3 mocienoBaTtenbHocTH Todek U(XY) e U MoxkHO M3BiICUb

cxomsmyrocs kK U € U moamocnenoBaTeaIbHOCTD, ISl KOTOPOH COXpaHUM NpekHee 0003HAYCHUE
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{u(x*)}, r.e. u(x*) > T npu k — oo . Teneps, mepexoss K npeeny npu K —> o0, ¥ yuuTHIBas
HenpephIBHOCTH QyHKIMH (1), U3 mocieaHel 1IeNoYKH HEPaBEHCTB ToIyduM, 9To @(X*) — ¢(X)

, kK = oo Urak, dpynkims makcumyMma (2) HelpepbIBHA B KX 10i Touke X € R".
Teneps MpeanoNoKUM, YTO MAaKCUMYM B (2) TOCTUTACT B €IMHCTBEHHOM Touke U(X) e U

npu Bcex X € R", HO QyHKIMsA U = U(X) He ABJIAETCS HEMPEPHIBHON B HEKOTOPOH Touke X € R".
Torna, Ay HEKOTOPOil TOCIENOBATENFHOCTH TOUeK X — X € R" mpefen mocienoBaTeIsHOCTH
u(x*) me pasma u(x), t.e. u(x*) > U #u(X),k >o. B cury HenpepbBHOCTH (YHKIUH
makcumyMa @(x*) = ¢(X) = f(X,u(X)),k = o0. C apyroif cTpaHbl, B CHIly HENPEPHIBHOCTH
(Gysxkuuu kBagpatuunoit Qynkumum f(x,u), umeem @(x*) = f(x*,u(x*)) - f(x,0). Takum
obpazom, ¢(X)= f(X,u(X))= f(X,0), U #Uu(X). A 3TO IPOTHBOPEUUT TOMY, YTO MAKCHUMyM B
(2) nocturaercs B €IMHCTBEHHOH Touke. [lonydeHHOE MPOTHBOpEUNE MOKA3bIBAET HEBEPHOCTh
HAIIeTO MPEINOIOKEHHS U TOKa3bIBaeT HEMPEPHIBHOCTh QYHKIMH U = U(X) , 3HAaUE€HHE KOTOPOM

npu Beex X € R" onpeensieTcst Kak eIMHCTBEHHAS TOYKA MakcuMyMa B (2).
CeoiicTBo 2. [Tycts matpunia A 3uakomonoxutensHo (A>0), T.e. (AX,X)>0VxeR".

Tormna ¢yukmmsa makcumyma (2) sBiaseTcs Bbimykioi Ha R". B cimywae, korma marpuma A
nojoxureabHo onpeneneHa (A >0), T.e. (Ax,X) > 0Vx # 0, dpyHKIHS MakcuMyMa OyIeT CTPOro

BBIMYKJIOH Ha R".
B camom nene, ecnum MaTpuna A 3HAKOMNOJIOXKHTENBHO, TO COIVIACHO pe3ylbTaTaM
BBINTyKJIOTO aHanm3a [2,3], kBampatuuHas ¢yHKuus (1) sBIsSeTCs BBIMTYKIOW MO MEpeMEHHON

xeR" mpu kaxmom ¢ukcupoBanHoM Ue€R"™, Te. mim mobGoro XeR",yeR"m
pOM3BOIIbHOTO uncna « € [0,1] cpaBemnBO HEPaBEHCTBO
f(ax+(L-a)y,u)<aof (x,u)+(1-a)f(y,u).
Tornma nmeem:
TE%X f(ax+(1—a)y,u) < anul%x f(x,u)+(1—a)nu13Jx f(y,u).

A 310 03Hayaer, 4o QyHKIMs MakcumyMa (2) Beimykiaa Ha R". U3 aTuX paccyxaeHuit
JIETKO CJIEYeT, YTO €CJIM MATPHIIA TIOJOKHUTEIBHO OTNpeNieieHa, TO GYHKIUS MaKCuMyma Oyaer
TaK)Xe CTPOrO BBIMYKJIOH.

[IpuBenenHpie CBOWMCTBA (YHKIMM MaKCHMyMa TIOKa3bIBAIOT, YTO IS BBITYKJIOH
kBagpaTnuHoi (yHKiMU Buaa (1) omepamus MakCUMyMa COXpaHseT HE TOJIbKO ee
HENPEePBIBHOCTh, HO M BBIMYKIOCTh. OmHako, mpu mepexoie K (yHKIUKM Makcumyma (2)
TepsieTcs TIaAKOCTh KBaapatnyHoi ¢pyHkuu (1), T.e. nuddepeHupyeMocTs HE UMEET MECTO B
HEKOTOPBIX TOYKaX €€ 0071acTH OMpeIeNICHUS.

PE3YJIbTATDBI

[IpuBeneM pe3ynbpTaThl HCCIAEAOBAHUS MUHUMAKCHOM 3a1aun (3).

Teopema 1. ITycth mMarpuma A mosioxutenbHo ompenerneHa (A>0). Torma penienue
MUHHMAaKCHO# 3a1aun (3) CylecTBYeT U €IMHCTBEHHO.

Joxa3zaTenbcTBO. B camom fene, ecniu maTpuiia A MOJIOKUATENIBHO OINpeIeTieHa, TO

f(x,U) = %(Ax, X) + (Bu,u) + (Cx,u) > m%||x||2 || min|c'u] + min(Bu,u),

106



SCIENCE AND INNOVATION 2922

o
INTERNATIONAL SCIENTIFIC JOURNAL = 3

rae m= anHirg(Ax, X) > 0. U3 sToro HepaBeHcTBa cieayer, 4ro @(X) = max f (x,u) — oo
X|=! uel

npu |X| — oo. Toraa, u3 5TOro cBOHCTBA QYHKIMI MAKCHMYMa JIETKO HOIY4YHTh, 4TO MHOKECTBO

ypoBHa L(x°) ={x € Q:¢p(x) < ¢(x°)} nenycro u orpanuyeno npu modom X’ € Q. A B cuny

HENPEPHIBHOCTU (YHKIMM MaKCHMyMa W 3aMKHyTocTH MHOXkectBa Q c R" momyuum, uro
MHOkeCTBO ypoBHs L(X°) 3amkmyro. UTak, B cumiy Teopembl BeifepmiTpacca O JOCTHXKEHUM

HIDKHEN TPaHU HENPEPHIBHON (DYHKIMU HA KOMIIAKTE, CyIecTByeT Touka X* € L(x°), Takas, uro
p(x") = inf @(x). Scmo, yro ¢@(x*)= inf @(x)=inf p(x), T.e. QyHKIUA MakcuMyma
xeL(x%) xeL(x%) XeQ

JIOCTUTaeT HMKHIOK IPAHUILY Ha MHOXKECTBE (). A €IMHCTBEHHOCTh TOYKM MHHMMYMa CIIEIyeT
U3 CBOMCTBAa CTPOrod BBINYKJIOCTH (PYHKIUM MakcuMyMma (2) ImpH YCIOBUHU IOJOKUTEIbHON
OIpeIeNIEHHOCTH MaTpULbl A .

Takum 00pa3oM, T0Ka3aHO, YTO €CIM MaTpuia A TIOJOXKHTEIBHO ONpEAeieHa, TO
pelieHne MUHUMAKCHOM 3a1auu (3) CyIIeCTBYET U €IMHCTBEHHO.

Ham cnengyromuii mar B M3y4eHMM MHMHMMAKCHOW 3anaud (3) sBIsSETCS BbIICHEHHE
TuQepeHIMPyeMOCTH TI0 HampaBieHuo (yHKIUA Makcumyma (2). Eciam ydecTh CBOHCTBO
BBIIYKJIOCTH (DYHKIUM MakcuMmyMma (2), TO COIJIaCHO pe3yibTaTraM BBITYKJIOro aHammsa [2,13]
TudepeHMpyeMOoCTh 110 HapaBIeHUsAM Takod (QyHKIMM rapaHntupoBaHa. Ho Juist Hac BaxkHee
BUJI TPOM3BOIHOM 10 HANPABJICHUIO, TOYHEE TOBOPsI, (hopMyJia €e BEIYUCICHHUS.

Jlist puKCupoBaHHOM TOUKH X € R" paccMOTpuUM MHOKECTBO:

Z(x)={ueU: f(x,u)= max f(x,v)},

rne f(X,u)— ects kBagpaTruHas GpyHkus uga (1), T.e.
1
f(x,u) = E(AX’ X) + (Bu,u) + (Cx,u).
[TpuBenem nBe BCioMOTraTeIbHBIE PE3YIbTATHI, KOTOPBIE CIEAYIOT U3 PE3yIbTaTOB PadoT

[12,13].

Jemma 1. Jlnsseex xeR", geR",|g|=1 cnpasemmiso coorHomenne

lim max min|u-v|=0.
a—>+0ueZ (x+ag) veZ(X)

Jlemma 2. Jlns Bcex XeR"  paBHomepno mo geR", ||g||:1 CIIPaBEUINBO

COOTHOILICHHUEC
lim{ max (Ax+C'u,g) - max (Ax +C'u)}=0,

a—+40 ueP (X,
rae P(X,a,9) =Z(x+ag)UZ(x).
Ipoussoasoii no Hanpasrernmoo g € R", [g]|=1 dynkumn @(x) B Touke Xx°eR"
Ha3bIBAETCS KOHEUHBIH TIpesen
0p(X%) _ i 00 +ag) + ()

ag a—0+ o

Teopema 2. dynkius mMakcumyma @(X) Buga (2) uWMeeT B Kaxaoil Touke Xe R"

POU3BOJIHYIO 110 JFoGoMy Hanpasiernio g € R", ||g] =1, npuyem cnpasemsa popmyia:
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99(x)
= 4
P urDZ:JPX()(Ax+Cu ,9). 4)

Joka3zarenabeTBo. Jns kBagpatuyaoit pyHkimu (1) numeem:

f(x+ag,u):%(Ax+aAg,x+ag)+(Bu,u)+(Cx+an,u)= f(x,u)+

+a(Ax,g)+a(C'u,g)+a’ %(Ag, 9).

Otcrona u u3 ompenenenus MHOxectB Z(X) u P(X,a,9)=Z(x+ag)UZ(X) caenyer,

qTOo

maxf(x+ag u)= rzrgax f(X+ag,u) < erax f(Xx+ag,u) < gzax f(x,u) +
ueP(x,a,9)

+a max (Ax+C'u,g)+a’ —(Ag 9). (5)

ueP(x,a,9)

[Monoxum  f(a) =« %maX”Ag” Tak kak Lr(lax f(x,u) = maxf(x u), to u3 (5)
ueP(x,a,9)

CJICAYCT HEPABEHCTBO

maxf(x+ag u)-— maxf(xu)<a Lrgax (AX+C'u,9)+u,9)+ () .
ueP(x,a,9)

Tenepp, yuuThiBas JeMMy 2, W3 MOCIECTHETO HEPABEHCTBA ITOIYYUM
p(x+ag) - p(X) < @ max (A +C'u, 9) +0() ®)
ueZ(x

rae o(e) >0 u o(a)/a — 0 npu o — 0 +.

C npyroii cTOpoHbI

max f(X+ag,u) > m%x[f(x,u) +a(Ax+C'u,g)]-a? 2 1 max||Ag|| >

2 lof2

> max[f(x u)+a(Ax+C'u,9)] -« %max||Ag||= max f (x,u) + mza})g(Ax+C’u,g)—,B(a)

Otcrona cinenyeT HepaBEHCTBO

¢(x+ag) —p(X) = & max(Ax + C'u, g) ~ o(a). )
O6veunss (6) u (7), momyuanm
a max(Ax+C u,g)—o(a) < p(x+ag) —o(X) < a max(Ax +C'u,g)+o(ax). (8)

ueZ(x)

CrnenoBareibHO,
93 _ lim o(x+ag) + o) = max(Ax+C'u,g),
ag a—0+ a ueZ(x)

T.e. Tpom3BOAHbIe To HanpasieHmsM § € R", [g|=1, cymecryer n crnpasemmsa
dopmymna (4). Teopema nokazaHa.

N3 nmoxazannoit (opmyner (4) u HepaBeHCcTBa (8) cimemayer dopmyna st QyHKIIH
Makcumyma (2):
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co(x+ag)=¢(x)+a§—éx’+o<a).

IMpumep 1. [Tycts kBaapatnunas Gyukuus (1) maHa co cieayrOnMMU TaHHBIMU:

0 0
n=2 m=1,x=(X,X,), A:(o ZJ’ B=1,C=(30),

Te. f(x,u)=x>+3xU+u’, ueU =[-11]. PaccMoTpuM QYHKIHIO MAKCHMyMa

o(X) = max f(x,u) = rr[1al>§](x22 +3xU+Uu?) = x; +3x,|+1.
uel ue[—1,
s atoii pyrkiuu mHOXkecTBO Z(X) ={u eU : f(X,u) = max f (x,v)}umeer Bun:
Vel

lLecmu x, >0 )
sign(x,),ecau X, #0
Z(X)=<—-Lecmu x <0 =

{11}, ecru x, =0 {13, ecnu x, =0.
! 1 1=

B cuny (4) nia pynkuuu MakcuMyma B JaHHOM IIpUMeEpE POU3BOIHAS 10 HAIIPABICHUIO
g =(9,,9,) BeluKCIsAeTCA 1O (hopMmyJe:

0 0 3
0909 _ max (Ax + C'u, g) = max ar u, 9| max (3ug, + 2X,d,) =
ag ueZ (x) vez( O 2 X, 0 g, ueZ (x)

39g,sign(X,) + 2x,9,, ecau X, #0
- {3|gl| +2X,9,, eciu X;=0.
Hamnpumep, nns Touek x° = @) u x* =(0,1) umeem:
op(x’)
a9

Tenepb n3yunmM HEOOXOUMBIE U JOCTATOUHBIC YCIOBHUS ONTUMAILHOCTH B MUHUMAKCHOM
3amaue (3).
OmnpenenM MHOXKECTBO

I'(x")={veR":v=A(q-x"),41>0,q e Q},

rae X — QukcupoBaHHas Touka u3 Q. MnuoxectBo ['(X") sBifercda BBITYKJIBIM

. op(x*
= 3g,sign(x;) + 2x;9, = 39, +29,, %( )

=3g,|+ 29, .

xoHycoMm, T.e. st Beex Ve L(X"),we ['(X") u Bcex 4 >0 umeer mecto Bkmouenus AV e ['(x")
n V+Wel(x"). 3ambikanne I'(X') muoxectBa I'(X") HasbIBaeTCS KOHYCOM BO3MOMKHBIX
HampaBlieHH MHOXecTBa B Touke X €. Hampumep, mycte Q={x=(X,X,) :|Xl| <1},
X"=12)eQ. Tormal(x")=T(X")={v=(v,,v,):v,<0}. Ecm X" eintQ, 10
r(x)=T(x")=R".

Teopema 3. [yt Toro uTo0bI, Touka X € Q ObUIA pelIeHneM MHHUMAaKCHOU 3amadn (3)

HGO6XOI[I/IMO, a B CJlIydyac 3HAKOIIOJOXHUTCIbHOCTU MATpPHUIIbL A Takxe H J0CTAaTO4YHO,
BBITIOJTHCHUC HCPABCHCTBA

inf  max (Ax*+C'u,g)>0. 9)

gel (x7) ] g=luez (x*)
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Joka3zarenbcTBO. B cuity pe3ynbratoB Hernaakoi ontuMusauuu [13], mis Toro 4toObt
Touka X € ObUIa TOYKOW MHUHUMYMa (QYHKIUU ¢(X) HEOOXOIMMO, a B CIy4ac BBIMYKIOCTH
@(X) TaKKe M JOCTATOYHO BHITIOJHEHNE HEPABEHCTBA
Op(x”
) 9p(x’) >0. (10)
9T ()lgl<t  Og

B cuny Teopemsr 2 cootnomenue (10) npuanmaet Bug (9). Teopema nokaszaHa.
IIpumep 2. Paccmotpum kBagpatuunyto Gpyukuuio (1), B kKoTopoii

n=m=2,,x=(X1,X2),U=(U1’“2)A=[1 —1}3:(1 OJ’CZ(O 1}
11 0 -1 10

1
T.€. f(x,u)=§(x1—x2)2 +US —UZ + XU, + XUy, UeU ={v=(v;,V,) v, =V,,|v,| <T}.

Jnst oToif (GYyHKIMH  pacCMOTPUM 3aJady MHUHUMH3AIMH (DYHKIMH MakCUMyMma Ha
MHOXkecTBe QQ ={X:1< X, < X;}, T.. MUHMMAaKCHYIO 3a/1a4y:

1 .
maxz[(x1 —X,)? + U —UZ + XU, +XU,] > min,xe Q. (11)
ueu
Haiinem ananutnyeckuii Bua (yHKIMM MakCUMyMa B HaileM npumepe. Mmeem:

1
o(x) = max f(x,u) = m%X[E(Xl —X,)? +UZ —UZ +X,U, +X,U,] =
uel uel

1 1
== (X, — X,) > +max[u’ —uZ + X,u, +X,U,]== (X, — X,)* +max(x, +X,)u, =
2 ueU 2 e

1
=E(Xl —%,)% +[X, + X,

MuoxectBo Z(X)={ueU : f(x,u) = max f (x,v)} umeer ciemyronuii BUI:

u, =u, =lecmu X, +x, >0
Z(X)=4qu, =U, =1, eciu X +X, <0
U, ectu X, +X, =0.
CHavala POBEPHM YCIOBHE OnTHManbHOCTH ayst Toukn X° = (2,1) € Q. Jlnst o1oit Touku
Z(x>)={u, =1.u, =1} u xonyc Bo3smoxubix Hanpasmennit [ (X°)={v=(v,,v,) e R*:v, >0}.
[IpoBepum BeIMONHEHUE yCioBHs (9):

inf  max (AX° +C'u,g) = inf max {(xf —xJ +u,)g, + (X3 —x) + ul)gz)}:
ger(x")|g|=Luez (x*) 9,20,[g|=1uez (x°)

= inf g,=-1<0.

9,20,[|g[=1
[Tockonpky HEOOXOIUMOE YCIOBHE ONTHUMAIBHOCTA HE BBIMOJIHAETCA, TO TOYKA

x° =(21) € Q He sBisiercs pemennem 3agaun (11).
Tenepsr paccmorpum Touky X =(L1) € Q. Jlna srtoit Toukum Z(x*)={u, =1.u, =1},
[(x")={v=(v,v,)eR?:0<v, <v,}. [IpoBepum BrimoHeHue ycaoBus (9). UMeem:

_inf max (Ax* +C'u,g) = inf max {(xl*—x;‘ +U,)0; +(X; — X, +u1)gz)}:
gel (x"))|g|=1uez (x") 0<9,<9;.|9[=1uez (x")
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= inf (g1+gz)2inf029220.
922

0<g,<g; [g|=L
1 -1
VYcnoue (9) Bemonusercs. Marpuna A = 1 3HAKOMOJIOKUTEINIBHO, T.€.

(AX,X) = (X, —X,)> >0. Urak, cormacuo Teopeme 3 Touka X =(11)€Q sBusercs
pelieHrneM MUHUMAaKCHOM 3axaun (11).
3ameuanne 1. Tak Kak MHOXECTBO {g 1gel(x").|g] 21}3aMKHYTO U OrpaHHYEHO, TO
ToyHass HkHssi Tpanuna(inf) B snesoit wactu (9) mocTuraercs, ¥ MOITOMY HEOOXOIUMOE U
JIOCTAaTOYHOE YCJIOBHE ONTUMAIIBHOCTH B MUHMMAaKCHOM 3a7a4e (3) MOXKHO 3alucaTh B BUJE:
min  max (Ax* +C'u,g)>0. (12)

gel (x*)|g=luez (x*)
CaencrBue 1. Eciu Q =R", T0 KOHYC BO3MOXHBIX HAlpaBJICHHN B KaXKIOW TOUKE
X" € Q cosmanaer ¢ npoctpancteoM R", T.e. ['(X")=R". IlosToMy, B 1aHHOM Cilydae yciaoBUE

ontumanbHocTH (12) mpumer BUA:
min max (Ax” +C'u,g) > 0. (13)

lalL uez (x")
Caencreue 2. Ilycts X" € Q= R" u cymecrsyer Touka U” € Z(X") , Takas, 4ro

2AX" +C'u” =0. Toraa, ecnmu marpuna A— 3HAKOIMOJOXKUTEIBHO, TO X — SIBJISETCS
pelieHneM MUHUMAaKCHOM 3aaa4i (3).

B camowm gene, nmeem:
Ax* +Cu

min max (Ax* +C'u,g) = max min(Ax” +C'u,g) =— min .(14)

lal=1 uez (x) uez(x") ol=1 ueZ(x")

CrnenoBaTenbHO, eclii cymecTByeT Touka U™ € Z(X"), Takas, uto AX* +C'U" =0, 1o u3
(14) cnenyer (13), xoTOpoe B ciydae 3HAKOIMOJIOKHUTEIHPHOCTH MaTpullbl A sBIsSETCS

JIOCTATOYHBIM YCIIOBUEM ONTUMAIBHOCTH TOYKH X B MUHUMakCHOM 3anaue (3) npu Q = R".
3ameuanue 2. Vcnone3dys pe3ynbTaThl pabor [12], MOXHO MOKa3aTh, YTO YCIOBHE
ONTUMANILHOCTH (9) A711 MUHUMaKCHOM 3a1a4H (3), S9KBUBAJICHTHO CJIEIYIOLIEMY YCIOBUIO:

min  max (Ax" +C'u,q—x")=0.
qu,Hq—x* <lueZ(x")

OBCYXJIEHUE

B pabote nccienoBana HenmpepbIBHAss MUHUMAKCHAas 3a1a4a (3), moHuMaeMas Kak 3ajgada
MUHUMH3aMd (QyHKIMA Makcumyma Buaa (2). XapakTepHas OCOOCHHOCTb ITaHHOW 3alayu
3aKJTFOYAETCS B TOM YTO, TpeOyeTCss ONTUMHU3UPOBATH HETNaKylo QYyHKIHIO (2), 00pa3oBaHHYIO

C TIOMOIIIBIO OTepaIii MakcuMyMa 1o aprymenty U € U kBagpartwunoit ¢pynakmwm (1). Ciieqyer
OTMETUTh, YTO KBaJgpaTU4Hble (YHKIHH 00JaNal0T CBOMCTBAMHU, BAKHBIMH JUIS  BBITYKIIOTO
aHaJIM3a U MMEIOT HIMPOKHE TMPHIOKEHHUS K 3aJadyaM ONTHUMH3AIMU B CaMOW MaTeMaTUKe W
MHOTUM JAPYTUM TPUKIATHBIM 33]]a4aM YKOHOMHUKHU ¥ TEXHHUKH.

B pabore moka3zaHo, 4YTO I MHHHMakCHOW 3amaun (3) CyIIECTBEHHBI CBOWMCTBA
BBIMYKJIOCTH, HEIMpPEPhIBHOCTH U U EpeHIUPYEMOCTH 10 HAaNpaBiIeHUSIM byHKIUN
Makcumyma  (2). HUcnons3yss CcBOWCTB (PYHKIIMM MaKCUMyMa, TIIOJyY€Hbl TEOPEMBI
CyIIIECTBOBAHUS M €IMHCTBEHHOCTH pelIeHus 3a1aun (3), a Takke HEOOXOIUMBIE U JOCTaTOYHBIC
YCIIOBUSL ONTHMANBHOCTA. OTH pe3yabTaThl MPEICTABISIOT HWHTEpeC Ui  pa3paboTKu
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YHUCIIEHHOTO METO/Ia, OCHOBAaHHOTO Ha IOCTPOEHUS HAMpaBICHHUs HAMCKOPEWIIEro CIrycka
GYHKIMA MaKCUMyMa.

Kak cnenyer u3 pe3ynpTaToB O0OIIeld TEOpUM HEMVIAJKUX 3aJad ONTUMHU3ALUU U
TEHICHIIMIA €€ Pa3BUTHUS, U3YUYCHHE OTIENbHBIX KJIACCOB MUHUMAKCHBIX 3aJay IMpEACTaBIseT
0OJBIION HMHTEpPEC C TOYKU 3pEHUs MOJIYYEHMs] TaKUX pPE3yJIbTaTOB, KOTOPBIE BaXKHBI IS
YHCJICHHBIX METOJOB pEIICHUS U Pa3paOdOTKU BBIYUCIUTEIBHBIX alTrOpUTMOB. Pe3ymbraTh
JTAHHOTO HCCIIEI0OBaHUS TaK)Ke MOATBEP)KIAIOT ITH BHICKA3bIBAHUS.

BbBIBO/JbI

B pabore m3yueHa MUHHMMakcHas 3amava (3) Ans Kjacca KBaApaTHYHBIX (DYHKIIMH.
OtnenpbHOE BHUMaHUE OOpaIlieHO CBOMCTBaM (PyHKIIMKM Makcumyma Buaa (2). OCHOBBIBasCh Ha
CBOMCTBa (PYHKIIMM MaKCUMyMa,  YKa3aHbl YCJOBHsI CYIIECTBOBAHUA U EIUHCTBEHHOCTHU
peleHnss MUHUMAaKCHOM 3a7auu. Jlanbl HE00OXO0UMbIE U JOCTATOYHBIE YCIOBUS ONTHUMAIbHOCTH,
a TaKXKe BBIBEJCHBI COOTBETCTBYIOIIWE CJEJICTBUS M TPUBEICHBI MPUMEPHI NPUMEHEHUs
MIOJIyYEHHBIX PE3yJIbTATOB.
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